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Chapter 1 
Introduction 



Relativistic quantum field theory in two space-time dimensions has important role in 
physics, for example in the branches of string theory and statistical mechanics. It has also 
played important role in the development of a non-perturbative understanding of quantum 
field theory in general. In the latter respect massive integrable models and conformal 
field theory attract most interest, as they usually allow the exact determination of several 
physical quantities. Since W. Thirring proposed the first exactly solvable quantum field 
theoretical model in 1958 [1] and J. Schwinger presented the exact solution of Quantum 
Electrodynamics in 1+1 dimensions [21 [3], a remarkable complexity and richness of the 
non-perturbative structure of relativistic quantum field theories has been revealed. In 
the field of the two-dimensional models of statistical physics, which are closely related 
to two-dimensional quantum field theory, H. Bethe's results [4] in 1931 and L. Onsager's 
solution of the Ising model in 1943 [5] can be regarded as the beginning of the study of 
integrable models. 

In massive integrable field theories the spectrum, S-matrix and the form factors of local 
operators can often be determined exactly, mainly by means of the bootstrap method. 
This is a feature that deserves high appreciation in itself, regarding the difficulty of making 
non-perturbative statements about these quantities in general. 

The bootstrap programme for the spectrum and S-matrix proves to be manageable in 
integrable quantum field theory because the existence of higher spin conserved quantities, 
which is the criterion of integrability, severely constrains the scattering theory. The special 
kind of scattering theory related to integrable models is called factorized scattering theory. 
The bootstrap programme for form factors in integrable quantum field theory formulated 
in [HI [3, Ej is also based on factorized scattering. 

Conformal field theory in two dimensions is a distinct branch of quantum field theory 
which has important role in string theory and in the description of physical systems at 
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critical points. A remarkable feature of the conformal symmetry algebra is that it is infinite 
dimensional in two space-time dimensions, therefore it imposes very severe constraints on 
the spectrum and correlation functions of conformally symmetric theories. 

A link between massive integrable models and conformal field theory also exists: two 
dimensional quantum field theories can generally be regarded as conformal field theories 
perturbed by suitable operators [9l[l0l[II]. Certain perturbations preserve a part of the 
conformal symmetry and render the perturbed theory integrable. This perturbed confor- 
mal field theory framework also serves as a basis for useful approximation methods like 
the conformal perturbation theory or the TCSA (truncated conformal space approach). 

In this thesis we study problems in three areas of two-dimensional quantum field 
theory, especially integrable and conformal field theory. In accordance with this, the 
thesis is divided into three chapters, apart from the introduction. The investigations in 
the three chapters are largely independent, although certain connections between them 
exist. 

The three areas, the particular problems and the contents of the chapters are intro- 
duced in the next sections. 

The results of Chapter [2], [3] and [4] have been published in 

• G.Zs. Toth, N=l boundary supersymmetric bootstrap, Nud. Phys. B676, 2003, 
497-536, hep-th/0308146 

• G.Zs. Toth, A Study of truncation effects in boundary fiows of the Ising model on 
a strip, J. Stat. Mech. P04005, 2007, hep-th/0612256 

• G.Zs. Toth, A non-perturbative study of phase transitions in the multi-frequency 
sine-Gordon model, J. Phys. A37, 2004, 9631-9650, hep-th/0406139. 

1.1 N=l supersymmetric boundary bootstrap 

The description of certain physical phenomena demands two-dimensional boundary quan- 
tum field theories, i.e. quantum field theories defined on manifolds with boundaries. Ex- 
amples for such phenomena are impurity effects like the Kondo effect [Tilll5| . junctions in 
quantum wires, absorption of polymers on a surface and transport properties of Luttinger 
liquids [H]. (See also the introduction of [I7] and [70]. A review can also be found in 
|18|.) Boundary quantum field theory is important in open string theory as well. 

In Chapter [2] we consider massive quantum field theories with one boundary, i.e. 
boundary quantum field theory defined on the space-time (— oo, 0] x M. In these bound- 
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ary quantum field theories the role of the S-matrix is taken over by the reflection matrix 
(describing the bouncing back of the particles from the boundary) and in addition to 
the particles the spectrum contains states — called boundary bound states — which are 
localized at the boundary. The interior of the space (—00, 0) is referred to as the bulk. 
Boundary field theories can usually be derived, especially at the classical level, from or- 
dinary field theories by imposing a boundary condition. For integrable theories (without 
boundary) it is often possible to find boundary conditions which preserve the integrabil- 
ity in a sense described in [19]. In this case the scattering theory of the boundary model 
will be a factorized boundary scattering theory [19]. It should be noted that a factorized 
boundary scattering theory incorporates a (bulk) factorized scattering theory, the factor- 
ized scattering theory of the bulk part of the model under consideration. The complete 
procedure of the calculation of the S-matrix and refiection matrix and the full particle and 
boundary state spectrum of an integrable model (in the presence of a boundary) generally 
consists of several subsequent steps. Usually the bulk part is completed first, then the 
ground state reflection matrix is determined, and finally the spectrum of the higher level 
boundary states and the refiection matrix blocks on these boundary states are obtained. 

The full refiection matrix and the spectrum of boundary states are known only for 
a few integrable models so far. The list of these models include the sine-Gordon model 
[201 EH [22], a^2^ and affine Toda field theories [23], the free boson on the half-line and 
the sinh-Gordon model [24l [25]. 

It is a further step to calculate the form factors of the local operators. The general- 
ization of the form factor program to the boundary case has been proposed [26] (see also 
[27[ [28l [29] ) only recently. In [26] the minimal form factors of the boundary operators 
of the free boson, free fermion, Lee- Yang and sinh-Gordon models with certain boundary 
conditions have been investigated. 

A formalism for constructing supersymmetric factorized scattering theories from non- 
supersymmetric factorized scattering theories is developed in [30l [M], [321 [HHl [3l]. This 
consists mainly of replacing the particles by supermultiplets and multiplying the S-matrix 
blocks by suitable supersymmetric factors. These supersymmetric S-matrix factors satisfy 
the axioms of factorized scattering theory in themselves with certain modifications. 

An essential step in the construction is the choice of the supersymmetry representations 
in which the new particle multiplets will transform, this choice must be compatible with 
the fusion rules of the non-supersymmetric theory. If the possible representations in which 
the particles may transform are fixed, then by solving the axioms one can derive necessary 
and sufficient conditions that have to be satisfied by the particle spectrum and fusion 
rules of a non-supersymmetric theory to which one wants to apply the construction. Such 
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conditions have been obtained in the case when the possible representations are the kink 
and the boson- fermion representations [3l|, and several factorized scattering theories — the 
a-n-i^ {cn\d^li) and (&n\a.2n-i) affine Toda theories and the sine-Gordon model — 
have been found to satisfy these conditions [34j. However, the Lagrangian field theories 
underlying the corresponding supersymmetric scattering theories are not known in every 
cases. The supersymmetric SU{2) principal chiral model, the supersymmetric 0{2n) 
sigma model [34] and the multicomponent supersymmetric Yang-Lee minimal models (or 
supersymmetric FKM models) [35] have also been found to fit in the framework described 
in [34]. 

In Chapter [2] we study the construction above in the presence of a boundary. For this 
a concept of supersymmetry in the presence of a boundary is needed, the description of 
which is an important part of Chapter [2l Assuming that the supersymmetrization of the 
bulk part is already done, the first step of the construction is the choice of a representation 
of the boundary supersymmetry algebra for the ground state. Next the supersymmetric 
factors for the ground state one-particle reflection matrix should be determined using the 
boundary Yang-Baxter, unitarity and crossing symmetry equations, analyticity require- 
ments and the supersymmetry condition for these factors. Finally the boundary bootstrap 
and fusion equations for supersymmetric factors can be used to obtain the representations 
in which the excited boundary bound states transform together with the supersymmetric 
factors of the one-particle reflection matrix on these states. The first and especially the 
second steps have been considered in the literature [36l [35l [37l [38l [39l [40], whereas the 
last step has been completed only in the case of the sine-Gordon model [36]. Our main 
purpose, motivated by [34] and [36], is to generalize the result of [36] and formulate rules 
that can be applied to any particular model. We assume that the particles in the bulk 
transform either in the kink or in the boson-fermion representation, mainly because this 
is the simplest and most natural choice, and this is the case for which the necessary re- 
sults (concerning the bulk part and the first two steps) are sufficiently developed in the 
literature. 

For the ground state we take the singlet representations with RSOS label |, this being 
the simplest case (see also Section [2.5. ip . The general maximally analytic supersymmetric 
one-particle ground state reflection factors have been determined for this case in [38l [39|, 
[40] . but without imposing the supersymmetry condition. We rederive these reflection 
factors imposing the supersymmetry condition at the beginning, which simplifies the 
calculation considerably. 

As the main result of Chapter [2| we present rules for the determination of the repre- 
sentations and supersymmetric one-particle refiection factors for excited boundary bound 
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states. It should be considered that in general there are several ways to generate a higher 
level boundary state by fusion, and it is not obvious that our rules give the same repre- 
sentations and supersymmetric factors for each way. We verify this statement in specific 
models and present an argument that it can be expected to hold generally. In particu- 
lar, we complete the verification of the statement for the boundary sine-Gordon model 
started in |36| . The other examples to which we apply our rules are the boundary 0,2'^ 
and affine Toda field theories [23], the free boson on the half-line and the boundary 
sinh-Gordon model [211 [25]. 

In Section 12.11 and 12.21 we review factorized scattering theory in the bulk and in the 
presence of a boundary. The main characteristics are presented as axioms, we refer the 
reader to other reviews [HI H, [43l EH SI HSl [46] and the articles ^ [H] for their 
derivation or explanation. In our review we emphasize the linear algebraic structure of 
the axioms of factorized scattering theory. The main reason for this approach is that 
we found this linear algebraic form much more suitable for dealing with our problem 
than the component based form. Our review also includes a discussion of symmetries 
and the construction of representations on multi-particle states, i.e. the multiplication of 
representations. In the boundary case it is not entirely obvious what the proper algebraic 
formulation is. We adopt the structure described in [l8|,[l9]. We remark that we describe 
the correspondence between the Coleman-Thun diagrams and the singularities of the S- 
matrix only briefiy. 

In Section 12.31 we outline the bootstrap procedure usually followed to find solutions to 
the axioms of factorized scattering theory. 

In Section 12.41 we describe the supersymmetry algebra in 1+1 dimensions, the mul- 
tiplication of representations and the construction of multi-particle representations from 
one-particle representations, and the one-particle representations which we use. We also 
discuss the vacuum representation and the decomposition of products of representations. 

In Section 12.51 we describe the supersymmetry algebra in 1+1 dimensions in the 
presence of a boundary, the construction of multi-particle representations and the one- 
dimensional representations for the ground state. Our formulation differs from the for- 
mulations that can be found in the literature in that we apply the algebraic structure 
proposed in [48l [49]. 

In Section 12.6.11 we describe the ansatz for constructing supersymmetric factorized 
scattering theory. 

In Section 12.6.21 we describe the extension of the construction to the case when a 
boundary is also present. 

In Section 12.6.31 we describe the bootstrap procedure for the supersymmetric factors 
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briefly. 

In Section 12.6.41 we discuss the particular supersymmetric S-matrix factors for kinks 
and boson-fermion states, their important linear algebraic properties, supersymmetry 
properties, the bootstrap structure and fusion rules. The discussion of the bootstrap 
structure and the fusion rules are based on the results of [34], which we have brought to 
a new form. 

In Section 12.6.51 the supersymmetric ground state reflection matrix factors and their 
most important linear algebraic, singularity, supersymmetry and bootstrap properties are 
described. 

In Section 12.6.71 we describe the boundary supersymmetric bootstrap structure, i.e. 
the supersymmetric boundary fusion rules and the supersymmetric reflection factors on 
higher level supersymmetric boundary states. These are the main results of Chapter [2l 

In Section [2771 we present examples for the application of the fusion rules described in 
Section [2.6.71 

The Appendix (Section 12. 9p contains the normalization factors for the S-matrix and 
reflection matrix factors. 

Chapter [21 especially the sections [2^4112.91 is largely based on the paper [I2], neverthe- 
less several parts have been rewritten. 

1.2 Truncation effects in the boundary flows of the Ising 
model on a strip 

Chapter [3] is devoted to an investigation of the method called TCSA (truncated conformal 
space approach), which is a numerical method for the calculation of the spectra and 
eigenvectors of Hamiltonian operators of the form H = Hq + hHj, where Hq has a known 
discrete spectrum, /i is a coupling constant. This method is applied mainly to two- 
dimensional quantum field theories in finite volume formulated as perturbed conformal 
field theories. An advantage of the TCSA is that integrability is not necessary for its 
applicability. Application to theories in higher space-time dimensions is also possible 
in principle. The uses of the data obtained by TCSA include the verification of results 
obtained by other methods, example in [50], the extraction of resonance widths [51], the 
mapping of the phase structure of certain quantum field theories as in [52] and in Chapter 
m and the finding of renormalization group flow fixed points as in [53]. These last two 
uses are similar. Our investigation in this chapter is related to the use of TCSA for the 
study of renormalization group fiows between minimal boundary conformal field theories. 
Boundary conformal field theory is defined on surfaces with boundaries, e.g. on the 
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strip [0, L] X M, which is the case that we consider. A brief review of the areas where 
boundary conformal field theory plays important role can be found in [5lj: it provides the 
framework for a world sheet analysis of D-branes in string theory, it also has applications 
to various systems of condensed matter physics such as the three-dimensional Kondo effect 
|15| . fractional quantum Hall fluids (see e.g. [16]) and other quantum impurity problems. 

A boundary flow is a one-parameter family of models, the parameter being the width 
(or volume) L of the strip. In the simplest case the parameter can be taken to be a coupling 
constant h instead of L and the models have the Hamiltonian operators H = Ho + hHj. Hq 
is the Hamiltonian operator of a boundary conformal held theory, h is allowed to vary from 
to oo or from to — oo. Hj is a relevant boundary fleld taken at a certain initial time. 
The study of such flows or deformations away from the critical point should provide some 
insight into the structure of the space of boundary theories. Such deformations are also 
important in string theory (see the introduction of [5lj) and they may have applications 
in condensed matter physics. A particular problem of interest is that of finding values of h 
other than 0, called fixed points, where the model corresponding to Ho+hHj is a conformal 
field theory, and identifying these conformal field theories. The TCSA can be used for 
this purpose if the Hilbert space of the conformal field theory corresponding to h = 
consists of finitely many (or countably many) irreducible representations of the Virasoro 
algebra. Boundary conformal minimal models satisfy this condition. These boundary 
minimal models can be obtained from the usual (bulk) minimal models by imposing 
suitable conformal boundary conditions. Regarding the spectra at nonzero values of 
h, conformal symmetry can be recognized by the equal distances between neighbouring 
energy levels; the representation content can be identified by the degeneracy of the energy 
levels. It should be noted that perturbation theory and other methods can also be used 
[541 [55l [56l [571 [58] to explore fiows. An important problem regarding the TCSA is that 
it gives approximate data, and our knowledge of the precise relation between this data 
and the exact spectrum is still limited (see [59| for already existing results). A good 
understanding of the effect of the truncation could be used to improve the TCSA data 
and to explain the qualitative features of TCSA pictures of fiows, and generally it would 
make the results obtained using TCSA data better founded. 

An idea proposed by G.M.T. Watts and K. Graham [60l [61] is that the effect of the 
truncation on the spectrum can be taken into consideration by a suitable change of the 
coefficients of the terms in H, i.e. the spectrum of H^'^^^ (^jjtcsa -g ^j^g finite approximat- 
ing Hamiltonian operator used in the TCSA method) is equal, in certain approximation 
at least, to the spectrum of 



H"" = So{h, nc)Ho + Si{h, nc)Hj + S2{h, nc)Hi^2 + • • • , 



(1.1) 
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which we shall call renormalized Hamiltonian operator, ric is the truncation parameter, 
So, Si, . . . are suitable functions and Hj 2, ■ ■ ■ are suitable operators. Hj 2, ■ ■ ■ should be 
primary or descendant bulk or boundary operators. Our main purpose in Chapter [3] is to 
investigate the validity of this picture. 

We consider the perturbed boundary conformal field theory on the strip [0, L] x M 
with Hamiltonian operator 

H = yLo + hL-^l^y2{x = L,t = 0) . (1.2) 

The unperturbed model is the c = 1/2 unitary conformal minimal model, i.e. the con- 
tinuum limit of the critical Ising model, with the Cardy boundary condition on the 
left and 1/16 on the right. jLq is the Hamiltonian operator of this model. Lq is the 
'zero index' Virasoro generator. L will be kept fixed at the value L = 1. The Hilbert 
space of the unperturbed model is the single c = 1/2, h = 1/16 irreducible highest weight 
representation of the Virasoro algebra. (Here and in Chapter [3] the coupling constant and 
the highest weight are both denoted by h, but it should be clear from the context which 
one is meant.) It should be noted that a whole series of similar boundary conformal min- 
imal models exist, they can be obtained from other unitary minimal models by imposing 
boundary conditions. Imposing the boundary condition on one side and another Cardy 
boundary condition on the other side always results in that the Hilbert space consists of a 
single irreducible representation. The field (f)i/2{L,t) is the weight 1/2 boundary primary 
field on the right boundary, which is also known in the literature as the boundary spin 
operator [62l [63l IHj. The normalization of 0i/2 is given by (l/16|0i/2(-Z^, 0)|1/16) = 1, 
where |1/16) is the highest weight state, (1/16|1/16) = 1. The coupling constant h can 
also be regarded as a constant external boundary magnetic field, which is coupled to the 
boundary spin operator. The model (11. 2p is also referred to as the critical Ising model 
on a strip with boundary magnetic field. The perturbation h(f)i/2{L,t = 0) violates the 
conformal symmetry, which is nevertheless restored in the h ±oo limit. It is known 
that in the h ^ oo limit the c = l/2,h = 1/2 representation is realized; in the h —>■ — oo 
limit the c = l/2,h = representation is realized (see e.g. [Ml [El EH [55]). This can be 
written in a shorthand form as 

(1/2, 1/16) + 01/2 ^ (1/2,1/2) (1.3) 
(1/2, 1/16) -01/2 ^ (1/2,0) . (1.4) 

We have chosen the model p.2p because it is integrable, furthermore it is relatively easy 
to handle; in particular the spectrum can be calculated analytically in terms of simple 
functions and the application of Rayleigh-Schrodinger perturbation theory is also rela- 
tively easy. Investigations in other perturbed conformal minimal models, especially in the 
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case of the tricritical Ising model and generally in the case of a perturbation by the field 
0(13), are carried out in [65] (see also [6T]). 

It should be noted that the Ising model with boundary magnetic field has been studied 
much, especially on the lattice and on the half-line. We refer the reader to [66l [Ul [67l [H] 
and the references in them for further information. 

To recognize conformal symmetry and to identify the representation content it is suffi- 
cient to look at the ratios of the energy gaps; therefore one often considers normalized spec- 
tra which are obtained by subtracting the ground state energy and dividing by the lowest 
energy gap. The normalized exact and TCSA spectra for the fiows (11. 3p . (I1.4p as a function 
of the logarithm of h can be seen in Figure IXOl An interesting feature of these TCSA spec- 
tra is that they appear to correspond to the fiows (1/2, 1/16) — > (1/2, 1/2) (1/2, 1/16) 
and (1/2, 1/16) (1/2,0) (1/2, 1/16), i.e. second fiows appear to be present after the 
normal fiows. Flows in models similar to 01.21) mentioned above also show this behaviour. 
One application of the picture (11.11) could be the explanation of this phenomenon. 

Following G.M.T. Watts' proposal based on the look of the TCSA spectra shown in 
Figure 13.91 we assume that only the first two terms are nonzero in (jl.ip : 

= soih,n^)Ho + si{h,n^)Hi . (1.5) 

In summary, in Chapter [3] we look for answers for the following questions: 1. Does the 
spectrum of ( 11. 5p agree with the TCSA spectrum in some approximation with a suitable 
choice of the functions Sq and Si? 2. How can we explain the 'second' fiows in the TCSA 
spectra? 

The main difficulty we encounter is that it is hard to handle the TCSA spectra an- 
alytically even if the nontruncated model is exactly solvable. Therefore, hoping that we 
can gain some insight by looking at a similar but exactly solvable truncation method, we 
tried another truncation method which we call mode truncation. The mode truncated 
model can be solved exactly, but it turns out, rather unexpectedly, that the behaviour of 
the spectrum for large values of h is different from the behaviour of the TCSA spectrum, 
namely the qualitative behaviour of the mode truncated spectrum is very similar to that 
of the exact spectrum; the second fiows are not present. This, besides leaving the second 
question open, raises the problem of finding the possible behaviours for large values of 
h and their dependence on the truncation method, and whether the mode truncation 
method can be generalized to other models. 

We also applied the Rayleigh-Schrodinger perturbation theory to verify the validity of 
(II. 5p for both the TCSA and mode truncation methods. In the mode truncation scheme, 
using the exact analytic expressions for the eigenvalues, we also obtained a result that is 
non-perturbative in h and perturbative in l/ric- 
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The third calculation that we did is a numerical comparison of the exact and TCSA 
and the exact and mode truncated spectra. The TCSA calculation was done by a program 
written entirely by ourselves. 

We determined the exact spectrum using an essentially known (see e.g. [T9l 1671 1661 1681 
EHIITQ]) quantum field theoretic representation of the operator (II ■2p . In this representation 
the operator (11.21) is a quadratic expression of fermionic fields. We extracted the spectrum 
from the field equations which are linear. Besides the spectrum we also considered the 
interacting fermion fields and their matrix elements, and certain other issues. The field 
theoretic approach also raises the problem of defining distributions (or similar objects) 
on a closed interval. We do not know of a systematic exposition of this subject (neither 
for a closed interval nor for the half-line) , although it would be needed for boundary field 
theory. In this thesis we use distributions on closed intervals, nevertheless we restrict to 
the most necessary formulae only and do not work out a complete theory. 

The field theoretic model mentioned above was studied in [68] and especially in [66] 
(at finite temperature). Our approach and aim are different, however, and the overlap 
between the results of [66] and our results is only partial. Our quantum field theoretic 
calculations are partially independent of the problem of the TCSA approximation. Some 
of these calculations are included only because we think that they are generally interesting 
from the point of view of quantum field theory. 

We propose a description of (II. 2p as a perturbation of the h ±oo limiting case, 
which cannot be found in the literature. An interesting feature of this description, which 
we call reverse description, is that the perturbing operator is non-relevant. We calculate 
the exact spectrum in a similar way as in the case of the standard description mentioned 
above. 

We also present the description of the spectrum using the Bethe-Yang equations, which 
give the exact result in this case. 

We treat the mode truncated model along the same lines as the nontruncated model, 
we restrict to the spectrum in this case, however. 

We remark that our TCSA program relies on the conformal transformation properties 
only and does not make use of the representation mentioned above, therefore it can be 
used with other values of the central charge, highest weight and weight of the perturbing 
field. 

The contents of Chapter [3] are the following: 

In Sections 13.1113. 41 definitions and other introductory information are collected, which 
is followed by the presentation of the results in Sections 13. 5113. 91 



In Section 13.11 the definition of quantum field theory on a strip is discussed briefly. 



15 



In Section 13.21 we describe certain well known results in conformal field theory which 
are important for our work. 



In Section [3731 we give a basic definition of conformal field theory on a strip. We restrict 
to those elements which are essential for our work. We refer the reader to [Til \72\ 173] for 
more advanced exposition. In Subsection 13.3.21 we give a definition of fiows. 

In Section 13.41 we describe TCSA in general and its application to the type of models 
that we consider. 

Section [3751 contains the field theoretical description of the model (11. 2p . in particular 
the calculation of the exact spectrum. Results concerning the boundary conditions, the 
normalization of interacting creation and annihilation operators, the relation between free 
and interacting creation and annihilation operators, matrix elements of the interacting 
fields, nontrivial identities for the Dirac-delta and the expression of eigenstates in terms of 
the unperturbed eigenstates are obtained. The section also contains the reverse description 
of the model and the description of the spectrum using the Bethe-Yang equations. It is 
found that the latter gives exact result in this case. 



Section 13.61 contains the description of the mode truncated model and the calculation 
of its spectrum. 

Section [3771 contains the power series for the exact, TCSA and mode truncated energy 
levels up to third order in h obtained by the Rayleigh-Schrodinger perturbation theory. 

Section 13.81 contains the perturbative results for the Sq and Si functions. 

Section l379l contains the results of the numerical test of the approximation by (II. 5p for 
the TCSA and the mode truncation schemes. 

Section 13.101 contains a description of the scaling properties, i.e. the truncation level 
dependence of the Sq, Si, Si/sq functions. 

The results of Chapter [3l have been published in [74] . 

1.3 A nonperturbative study of phase transitions in the 
mult i- frequency sine- Gordon model 

In ChapterHlwe present an application of the TCSA to the mapping of the phase structure 
of the multi-frequency sine-Gordon model. 

The sine-Gordon model has attracted interest long time ago for the reason that it 
appears in several areas of physics, and it is an integrable field theory. The areas of 
application include statistical mechanics of one-dimensional quantum spin chains and 
nonlinear optics among many others — see the introduction of |75) for a list with references. 
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The multi-frequency sine-Gordon model is a non-integrable extension of the sine- 
Gordon model in which the scalar potential consists of several cosine terms with different 
frequencies. It is suggested in [75] that this model can be used to give more refined 
approximation to some of the physical situations where the ordinary sine-Gordon model 
can be used. A feature of the multi-frequency model that is new compared to the usual 
sine-Gordon model is — apart form non-integrability — that phase transition can occur as 
the coupling constants are tuned. We concentrate our attention to this property. Such a 
phase transition is related to the evolution of the spectrum of the theory as the coupling 
constants vary. In accordance with this we shall use the massgap and other characteristics 
of the energy spectrum to identify the different phases. 

Our investigation can be regarded as a continuation of the work done on the double- 
frequency case in [52]. We use the truncated conformal space approach (TCSA); the 
applicability and reliability of this method was thoroughly investigated in [52] and it was 
shown that the existence, nature and location of the phase transition can be established 
by this method, although rather large truncated space is needed for satisfactory precision. 
In particular, the existence and location of an Ising type transition was established in the 
double-frequency model (DSG) for the ratio 1/2 of the frequencies, verifying a prediction 
by [75] based on perturbation theory and classical field theoretic arguments. We extend 
these investigations to the ratio 1/3 and to the three- frequency model (at the ratio 1/2/3 
of the frequencies), in which a tricritical point and first order transition are expected to 
be found. The numerical nature of the TCSA makes it necessary to choose specific values 
for the frequencies. 

We remark that the calculations of Chapter [4] were completed before the work pre- 
sented in Chapter [3] was done. 

The contents of Chapter [H are the following: 

In Section [4T] we introduce the multi-frequency sine-Gordon model and describe basic 
properties of it. 

In Section 14.21 we briefiy review the formulation of the model in the perturbed con- 
formal field theory framework (for the two- frequency case this can be found in [52], the 
extension to the multi-frequency model is straightforward), which is necessary for the 
application of the TCSA. 

In Section 14.31 we give a description of the phase structure of the classical two- and 
three-frequency model, which serves as a reference for the investigations in quantum 
theory. The n-frequency case is also considered briefly. Exact and elementary analytic 
methods can be applied to the classical case, and the results are more general than in the 
quantum case. 
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Section 14.41 is devoted to theoretical considerations on the signatures of 1st and 2nd 
order phase transitions in the framework of perturbed conformal field theory in finite 
volume. Most of these considerations, which are necessary for the evaluation of the TCSA 
data, can also be found in [52] . 

In Section 14.51 and 14.61 we present the results we obtained by TCSA on the phase 
structure of the two- and three-frequency model, which are the main results of Chapter 
m The calculations were done by a program written by L. Palla, Z. Bajnok, G. Takacs 
and F. Wagner on which we performed certain modifications. 

Chapter [4] is based on the article \T3\ . 



Finally, we list a selection of books, articles and PhD theses which can be used as 
references: 

• Two-dimensional quantum field theory: |43| 

• Factorized scattering theory: [in[i2l[i3l[2n[M[i5l[i6l[i7l[T9] 

• Factorized scattering theory in the presence of a boundary: [HI [21] 

• Form factor bootstrap programme: [6l [76l [771 [S] 

• Form factor bootstrap programme in the presence of a boundary: [26] 

• Conformal field theory: [731 [461 [7H| 

• Boundary conformal field theory: [ni[73l[46l[6a[6l[79l[80l[8ll[82l[83l[Hl [IH] 

• Flows: [Ml [871 [881 [561 [421 [89] 
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2.1 Factorized scattering theory 



Factorized scattering theory describes collisions of quantum particles or particle-like quan- 
tum objects (e.g. solitons) which travel in 1+1 dimensional space-time. We shall consider 
relativistic scattering theory of finitely many massive particles. Specific factorized scatter- 
ing theories are usually associated to integrable relativistic quantum field theories which 
are characterized by the existence of higher spin conserved quantities. 

The main constituents of scattering theory in general is a Hilbert space of asymptotic 
states of the particles, an operator S on the Hilbert space describing the scattering of 
particles, a representation of the Poincare group on the Hilbert space with respect to 
which S is equivariant, and representations of further possible symmetry algebras. 

The characteristics of factorized scattering are listed and explicitly described below. 
Some of these properties are special to factorized scattering theory, others (like unitarity) 
are general properties of scattering theory applied to factorized scattering theory. 

Factorized scattering theory is characterized by the following properties: 

1) The particle number is conserved. 

2) The sets of incoming and outgoing momenta are equal. 

3) Factorization and Yang-Baxter equation: An arbitrary X-particIe scattering pro- 
cess can be described as a sequence of 2-particle collisions, all possible descriptions (of 
which there are N{N — l)/2) are equivalent. The most interesting quantity in factorized 
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scattering theory is therefore the two-particle S-matrix block that describes the 2-particle 
collisions. 

The momentum (po,Pi) of a free particle of mass m satisfies pi — = m?, po > 0. 
Instead of po and pi one often uses m and the rapidity parameter 9: 

Po = mcosh(6) , pi = msinh(G) . 

The physical values 9 are the real numbers, however it is useful to allow complex 
values (i.e. O G C) unless there is a reason to restrict to real values. 
The asymptotic in and out states are denoted in the following way: 

|ai(0i)a2(02) • • • aAf(0Af))m/o«t (2.1) 

where 6i > 62 > • • ■ > Oat for in states and ©i < ©2 < ■ ■ • < 67V for out states. 
The Hilbert space can be written as a sum of iV-particle subspaces: 

where Hq is the vacuum subspace, which is a finite dimensional space in general. 
The A^-particle Hilbert space can be written as 

V ' 

N 

can be decomposed into a (not direct) sum of spaces of in, out and intermediate 
states: 

Antermed 

for N > 3, for = and iV = 1 we have 

and there are no intermediate states for = 0, 1, 2. 

The space of intermediate states is spanned by those elements of the form (12. ip which 
do not satisfy the ordering prescription for in and out states. 

The notation in (12. ip means 

ai(©i)®a2(©2)®---®ajv(©7v) (2.2) 

where ai(©i) G Hi are one-particle states. 
Hi can be written as 

Hi= [ dQ V{Q) 
Jem 
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where V^(9) is a finite dimensional vector space for any fixed value of 6. 6 G C can also 
be allowed, but we do not introduce further notation for this case. 
The action of a boost B{Q) of rapidity is 

s(e)a(ei) = a(ei + e) . 

We introduce a finite dimensional vector space V with a basis labeled by a which also 
labels the particles, and the linear map ie : V^(0) V, a(0) a for all 9. V will be 
called internal space. The notation a(9) is used both for elements of Hi and for elements 
of r(0). 

Til, V{Q) and V can also be decomposed into a sum of mass eigenspaces: 

Hi = (BmC^lU , V{e) = (BmV{QU , y = ®mVm • (2.3) 

The normalization of the states is 

( ^2 1 ) ^ij 

and 

{ai{ei)\a2{e2)) = 5{ei~e2)Sa„a, 

for TCq and Hi. The * denotes complex conjugation. For multi-particle states the canonical 
normalization for tensor products is used. For V, V{Q) and ^(9*) we have 

{aM = 5a„a, , (ai(9*)|a2(9)) = 5,,,,, , V{Q)^ = V{Q*) . (2.4) 

The particles usually correspond to basis vectors in a distinguished orthonormal basis 
of V denoted by B. V has a corresponding decomposition into one-dimensional subspaces: 

V=®iVi. (2.5) 

These basis vectors are mass eigenstates, i.e. the decomposition is a refinement of (12.31) . 

If some of the particles are soliton-like, then, assuming that we have chosen the ap- 
propriate basis, only part of the multi-particle states of the form (12.21) are physical states, 
and physical subspaces are spanned by these physical states. The physical states are usu- 
ally selected by adjacency conditions: in a physical state of the form (j2.2l) only certain 
ordered pairs (a, h) may occur, i.e. if a pair (c, d) is not allowed, then a state of the form 
■ ■ ■ ® c(9i) ® (i(9i+i) ® . . . is not physical. Physical and non-physical states of the form 
(12. 2p are orthogonal, and one can introduce the orthogonal projector P : V ®V ^ V ®V 
that projects onto the physical subspace oiV ®V . The physical subspace ofV ®V ®V 
can be obtained as [P ® ® P]{y ® V ® V) where P ® I and I ® P commute, and 
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similar formulae can be written for general A^-particle spaces. More general adjacency 
conditions are also possible, as we shall see in Section I2.4.1[ 

Instead of the physical S-operator one usually considers an auxiliary S-operator Saux- 
The relation between S and Saux is that the latter is defined for any complex value of the 
rapidities (although it can have singularities). The aux subscript is often omitted. 

The Hn are invariant subspaces of Saux, the A^-particle auxiliary S-operator Sn is 
obtained by restricting the full auxiliary S-operator to 1-Ln'- Sn : T^at — > Ti-N- In particular 

,out 

and 

'S'o = Id-Ho ! Si = Id-Hi ■ 

For N > 2 the operators 

SNiQi, 62, ... , e^v) : v^(ei) ® ^(62) ® • ■ ■ ® v^(e,v) ^ v{Qn) ® v{Qn-i) ® ■ ■ ■ ® v^(0i) 

can be introduced so that 
{bN{e'N)bN-i{e'N-i) ■ ■ ■ bi{e[)\SN\ai{ei)a2{e2) . . . aN{&N)) = 

= 5(61 - e;*)5(e2 - e';) . . . 5(e^ - e';,)x 

X (6^(e^)6^„i(e]v_i) . . . bi{Ql)\SN{ei, 62, ... , 6^)101(61)02(62) . . . aN{QN)) 
For the matrix elements of the Sn-s the notation 

(5;v)K".:a,'n6i,62,...,6^) = 

= (&7v(6^)6^_i(6;,_i) . . . 6i(61)|^jv(6i, 62, ... , 6^)101(61)02(62) . . . ojv(6jv)) 
is used. One can also introduce the operators 

^jv(6i2, 613, . . . , 6ijv) : y®v®---®v^ V®V®--®V 

N N 

Sn{&i2, 613, . . . , 6i7v) = [zejv ®^ejv-i ® " " ■ ® «0i]5'iv(6i, 62, ... , QN)[iel®^el ® ' ' ' 
where 6jj = 6j — 6j. The matrix elements of the Sn-s are denoted as 

(^^&:a;'H6i2,6i3,...,6i^) . 

For the matrix elements of Sn and Sn the equation 

('^iv)S.:a;-'H6i2, 613, . . . , 61^) = (5^)X".:a;-'H0i' ©2, . . . , 6^) 
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Figure 2.1: Two-particle S-matrix S'2(0i2) 

holds. 

One can also consider restrictions of Sn and S^- to subspaces of states with definite 
mass of the particles: 

mim.2...mM (012, ©13, • • • , ©ITV) : Kni ® V;n2 ® • ■ ■ ® ^ ® ® " • " ® V:^i 

and similarly for S^. and Sn are composed of such blocks. 
If 

^2(©)(V^l® V^2) C \/2® Vi 

for some subspaces Vi C V2 C with some masses mi, 7712, then we can use the 
notation S'viyal©) ^r S2{Q)\vi(8V2 and say that the multiplets Vi and V2 scatter on each 
other and the two-particle S matrix of the multiplets Vi and V2 is Sy^yjl©)- 

If the particles satisfy adjacency conditions, they have to be observed in the formulae 
above, however we do not introduce explicit notation for this case. 

If S'2(0i,©2) or 82(0) is written in matrix form, i.e. as a table of entries, then the 
upper indices specify the rows and the lower indices specify the columns. 

The graphical representation of 5*2(0) is shown in Figure ETH 

In the = 3 case the factorization property is expressed by the equation 

^3(012, O13) = [52(023)®/][/®52(Oi3)][52(Oi2)®/] 

or 

^3(ei2, O13) = [/ ® 52(Oi2)][S2(Oi3) ® /] [/ ® 52(023)] . 

The two equations correspond to the two possible decompositions of the 3-particle scat- 
tering into 2-particle scatterings. 
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The equality of the two expressions on the right-hand side 

[-§2(623) ® /][/ ® ^2(613)] [^2(612) ® /] = [/ ® ^2(612)] [^2(613) ® /][/ ® ^2(023)] 

is called the Yang-Baxter equation. If the Yang-Baxter equations are satisfied, then the 
analogous equations expressing the equality of the possible factorizations of the iV-particle 
scattering (A^ > 3) into 2-particle scatterings are also satisfied. 

The above equations (with the obvious modifications) are also satisfied by S2, S3 and 
5*2, 5*3 and by the appropriate blocks of them corresponding to definite masses. Similar 
statement applies to several formulae below. We shall usually write down the tilde ver- 
sions only. 

Most of the equations of factorized scattering theory for transition amplitudes like the 
Yang-Baxter equation admit a graphical representation which is very useful for grasping 
and handling these equations. The graphs representing these equations are similar to 
the Feynman graphs, their vertices correspond to tensors, especially to the two-particle S 
matrix or its blocks and to the fusion and decay tensors described below. Outgoing and 
incoming lines (distinguished by arrows) at a vertex correspond to the two type of indices 
(normal or upper and dual or lower), an outgoing line can be joined to an incoming 
line which corresponds to the contraction of the corresponding indices. We usually do 
not introduce a vertex for the identity tensor, although in the equations it can be useful 
to insert identity tensors explicitly. Momenta or rapidities are also associated to the 
lines. In several cases the graphs reflect the kinematical situation geometrically faithfully, 
i.e. the graphs can be regarded as geometrical pictures of scattering, fusion and decay 
processes. In the graphical formulation the Yang-Baxter and the bootstrap equations 
(described below) express the parallel shiftability of the individual lines in the diagrams. 
This shiftability is a consequence of the existence of higher spin conserved charges. 

A graphical representation of the Yang-Baxter equation is shown in Figure 12. 2[ 

4) Analytic properties: 52(0) is an analytic function with possible pole singularities 
which are located in iR. The domain < Im{Q) < vr is called the 'physical strip'. The 
singular part of 6*2(0) at a pole in the physical strip is generally a sum of various contri- 
butions related to bound states and anomalous thresholds. 



5) Real analyticity 

(52(0*))t = 52(-0) 



(2.6) 
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Figure 2.2: Yang-Baxter equation 



For the blocks corresponding to definite masses, for example, this reads as 

6) Unitarity 

(^2(e*))t^2(e) = / . (2.7) 

This condition and the real analyticity condition imply 

^2(-e)^2(e) = / . (2.8) 

It is usual in factorized scattering theory to refer to the latter condition rather than (12.71) 
as unitarity. 

7) Bound states: at some poles of (5'2)m,im2(0) in the physical strip the singular part 
has a contribution corresponding to direct-channel (or s-channel) bound states: 

{S2Um, (O) = '"^ ^'"^"^^ + .(6) + regie) (2.9) 

where m, < m < vr, is the location of the pole, reg{Q) is regular at iu, s(9) contains 
further possible singular terms, u is called fusion angle. 

Jm2mi . Y > T/ (5>, T/ 
"ma • ^rn-i * >'m,2 ^ ''mi 

is the decay tensor, 

f "*3 . T/ 5>, T/ ^ V 
Jmim2 • '^mi W i'm2 ' *^m3 

is the fusion tensor. We also have the hatted versions 
and 
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where < Mi and < U2, Ui + U2 = u. Ui and U2 are determined in terms of mi, m2, 
ma by momentum conservation and by the mass shell condition. The fusion map projects 
onto the bound states in question. 

Graphical representation of fmtm2 "^ma™^ can be seen in Figure [2731 The graphical 
representation of the residue d'!^l"^^ f^'f^^ is shown in Figure [2741 




Figure 2.4: Contribution of bound states 



The image space of fmfni2 '^^^'^ intersection with the kernel of d^^^ . 
The image space of fmtm2 usually be decomposed into a sum of some one-particle 
subspaces occuring in (12. 5p . 
Generally if 

Vi = ®i,Vi, , V2 = , V3 = ®i,Vi, , 

where h, I2 and 1^ take certain values from all possible values oil defined in (12.51) and the 
states in Vi, V2, V3 have mass mi, m2, and there exists a fusion tensor /mfm2 

then we say that the particles labeled by /s (i.e. the particle multiplet V3) are bound states 
of the particles labeled by li and I2 (i.e. of the particle multiplets Vi and V2). We can 
write 

V1 + V2 ^ {u) , (2.10) 
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where u is the fusion angle, and call this expression a fusion rule. 
A rule denoted as 

a + b ^ c (u) (2.11) 

can be written down and also called a fusion rule if there exists a fusion tensor / with 
fusion angle u with nonzero matrix element between the one-particle states |a), \b), |c): 
(c|/(o®6)) ^0. 

8) Crossing symmetry 

{c®d\S2{Q){a^b)) = {d ^ {CPfb)\S2{i7i ~ Q){{CPfc) ® a)) (2.12) 

and 

(c|&,(a ® b)) = {CPfa\tl^^{b ® (CPfc))) (2.13) 

{b ® c\dZr'a) = {(CPfa) ® b\dZ'pCPfc) (2.14) 

(6 ® c\dZr'o) = {CPfa\tl^^{{CPfc) ® {CPfb))) . (2.15) 
CPT will be discussed in 12). 

9) Bootstrap equation 

Let iu be the location of the pole of (5'2)mim2(0) for some masses mi and m2 that 
corresponds to a direct-channel bound state. The following equation called the bootstrap 
equation is satisfied: 

(2.16) 

This equation is analogous to the Yang-Baxter equation and can be regarded as an equa- 
tion expressing the parallel shiftability of lines in the diagrams corresponding to factorized 
scattering processes. 

A graphical representation of (|2.16l) is shown in Figure 12.51 

10) Coleman-Thun diagrams 

The poles of (5'2)mim2(0) lyii^g the physical strip can be associated to bound 
states, as already mentioned in 4), and to anomalous thresholds [90]. The latter can 
also be related to on-shell diagrams, which are called Coleman-Thun diagrams in factor- 
ized scattering theory. The graphs corresponding to bound states can also be regarded as 
Coleman-Thun diagrams. 
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Figure 2.5: The bootstrap equation 




(6) has a pole at iu in the physical strip, then the singular part of the 
of (>52)rrtim2(0) arouud iu is the sum of the contributions of all possible 



Coleman-Thun diagrams. 

The Coleman-Thun diagrams are planar geometrical graphs with oriented lines and 
can be drawn in the Euclidean space-time plane. Each diagram can be interpreted as 
a non-physical two-particle scattering process (and so has 4 external lines). The lines 
of the diagrams correspond to particles (or particle multiplets) which can be thought 
to be freely flying between pointlike events represented by the vertices. A mass and a 
momentum are associated with each line of the diagram. The momenta have real time 
components and imaginary space components. The 'length' of the momenta associated 
with the lines equals the masses assigned to the lines (i.e. the usual Po~Pi = mass-shell 
condition is satisfied). Momentum is conserved at each vertex (i.e. pj„ = Pout, where pj„ 
is the sum of the incoming momenta, Pout is the sum of the outgoing momenta. Incoming 
and outgoing momenta are distinguished by the orientation of the lines with respect to 
the vertex.) The momenta are parallel to the lines with which they are associated. Either 
four or three lines can join in a vertex, the possible vertices are the two-particle scattering 
vertex as shown in Figure 12.11 and the fusion and decay vertices of Figure 12.31 

The possible angles in a diagram are completely determined by the mass spectrum, 
so if the mass spectrum is known, then it is a geometrical and combinatorial problem to 
find all possible Coleman-Thun diagrams. 

In the simplest case the order of the pole of the term corresponding to a Coleman- 
Thun diagram is equal to the number of 'degrees of freedom', i.e. the number of internal 
lengths in the diagram which can be adjusted independently [2T]. In the bound state 
diagram (Figure EH]), for example, there is one internal line, the length of which can be 
set freely. 

In general only the bound state diagram and its crossed version give first order pole, 
all other Coleman-Thun diagrams give higher order poles. This general rule is often mod- 
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ified, however. 

11) Symmetries 

Let A be an associative algebra over M. Representations of A on multi-particle spaces 
are defined in the following way: as the multi-particle states are elements of tensor prod- 
ucts of one-particle spaces, it is sufficient to construct representations on these tensor 
product spaces from the one-particle representations. The in, out and intermediate sub- 
spaces must be invariant, as well as the physical subspaces, if adjacency conditions are 
satisfied. On the tensor product of two one-particle spaces the construction is done by 
taking the tensor product of the two one-particle representations, which is a representation 
of A<S> A, and then composing it with an algebra homomorphism A : A^ A<S> A: 

DixD2^ {Di ® D2) o A 

where Di, D2 are one-particle representations of A on the spaces Hi and H2, respectively: 

Di: A^ End{Hi) , D2 : A ^ End{H2) . 

Di X D2 is called the product of the representations Di and D2. This definition can 
be applied generally to any two representations, so it is also suitable to define products 
of several representations recursively. For the product of any three representations the 
following two definitions can be used: 

DixD2xD3^DiX {D2 X D3) = [Di O {{D2 D3) o A)] o A = 
= {Di (g) D2 <8) -D3) o {idA <8) A) o A 

and 

Dix D2X D^ = (Di X D2) X D3 = [{{Di D2) o A) (g) D3] o A = 
= (Di ®D2® -Da) o (A (g) idX) o A . 

However, it is usually required that A be co-associative, i.e. 

(idA <8) A) o A = (A (g) idA) ° A , 

which implies that the two definitions above give identical results. Moreover, the analo- 
gous statement holds for products of more than three representations without further re- 
striction on A, i.e. the multiplication of representations is associative if A is co-associative. 
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One expects that a representation Dq on the vacuum subspace has the property 

for any one-particle representation D. ~ denotes the equivalence of representations. 
An element A & Ais a symmetry of the S operator if 5*2 has the intertwining property 

D{A)S2 = S2D{A) (2.17) 

where D{A) is the representation of A on 0.2- (12.171) implies that Sn has the intertwining 
property for the A^-particle representation for any value of N. A symmetry of a fusion or 
a decay tensor is defined similarly. A symmetry of the factorized scattering theory is a 
symmetry of the S operator and all fusion and decay tensors. 

In 1+1 dimensions the universal enveloping algebra of the Poincare algebra (supple- 
mented with a unit element) is generated by the boost generator A^, the time translation 
generator H, the space translation generator P, and the unit element /. They are subject 
to the relations 

[N,H + P]=H + P, [N,H - P] = -{H - P) , [H,P]=0. (2.18) 

The co-product takes the standard form: 

A{H)=H^I + I^H , A{N) = N (g) I + I (g) N , 

A{P)=P®I + I0P , A(/)=/®/. (2.19) 

A local conserved quantity A of spin s has the properties 

[A, H] = 0, [A, P] = 0, AiViO)) = ViQ), (2.20) 

A{a{e)) = e'^'qAaie) , (2.21) 
where qa is a G-independent linear mapping, and 

A[ai{Qi) ® 02(62) ® ■ ■ ■ ® ajv(ejv)] = e"®i (gAai(0i)) ® ^2(02) ® ■ ■ ■ ® a7v(©jv) + 
+ e"®2ai(0i) ® (9^02(02)) ® • ■ ■ ® a7v(07v) + ■ ■ ■ + 

+ e"®'^ai(0i) ® 02(02) ® ■ ■ ■ ® (gAa^(0iv)) • (2.22) 

A commutes with the S operator as well. 

In integrable models there exist commuting local higher spin (i.e. not spin 1) conserved 
quantities, their number is usually infinite. From this property of integrable models it is 
possible to derive the main factorization properties of factorized scattering theory. 
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12) Charge conjugation and reflections 

The representation of some transformations do not always flt in the scheme described 
above in 11). For instance, the charge conjugation and space reflection are such transfor- 
mations. 

Charge conjugation C acts as a linear transformation and has the property C{V{Q)) = 
V{Q) (the representation map is suppressed here and further on). 

The space reflection P also acts as a unitary transformation, it has the property 
P{V{e)) = V{-e) and it has a tilde-d version P -.V ^V. P{a{Q)) = (Pa)(-e). On 
multi-particle states it acts in the following way: 

P(ai(ei) (g) 02(62) ® ■ ■ ■ ® a7v(67v)) = P(a7v(07v)) ® P{aN-i{QN-i)) ® ■ ■ ■ ® P(ai(ei)) 

The time reflection T is represented by an antiunitary operator with the property 
T(y{Q)) = V{—Q). It has a tilde-d version T : V ^ V. On A^-particle states it is given 
by 

T;v = Ti ® Ti ® ■ ■ ■ ® Ti , 
V ' 

N 

Tat denoting its restriction to A^-particle states. 

The product CPT of C, P and T is always represented (even if some of C, P and 
T are not represented) and it is always a symmetry. It is represented by an antiunitary 
operator. It has the property that CPT(y{Q)) = V{Q) and it has a tilde-d version 
CPT : V ^ V. On iV-particle states it is given by 

CPT(ai(ei) ® 02(62) ® ■ ■ ■ ® ttNiON)) = 

= CPT{aN{QN)) ® CPT{aN-i{QN^i)) ® ■ ■ ■ ® CPT(ai(ei)) . 

Energy and mass are invariant with respect to the C, P, T and CPT transformations. 

The CPT transformation usually has the property that CPT{Vi) = Vj where the V;-s 
are the one-dimensional subspaces appearing in (12. 5p and 1 = 1. The mapping I I on 
the label of the particles is the particle-antiparticle correspondence. We also say that the 
particle f is the conjugate of /. 

Invariance of the S operator with respect to CPT transformation means 

cpfS2{e) = {S2{e)ycpf (2.23) 

or equivalently 



(a®6|^2(0)(c®rf)) = {CPf{c^d)\S2{e)CPf{a®b)) , 



(2.24) 
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which is the same as (I2.12p applied twice. (12 .23^ implies that Sn also has the symmetry 
property for any value of A^. 

CPT-invariance of fusion and decay tensors means 

which is the same as (12.151) . 

CPT-invariance of the factorized scattering theory means the CPT-invariance of the 
S operator and all fusion and decay tensors. 

Space reflection invariance of the ^-operator means 

p^2(e) = ^2(e)p . 

Space reflection invariance of fusion and decay tensors means 

pTm,2m3 _ Im3m2 p i p fms _ rm^ p 

"'mi '^mi diiu 1 J ,fji-^rn2 J m,2m\ 

Time reflection invariance of the S'-operator means 

f~s2{Q) = (s^m^T . 

Time reflection invariance of fusion and decay tensors means 

'^mi \Jm2m-^) ' 

Charge conjugation invariance of the S'-operator means 

Charge conjugation invariance of fusion and decay tensors means 

/VJm2m3 _ jm2mzr^ ^ fmz _ fm^ /=< 

'^"mi ~ "mi ^ "'^^'^ ^Jmim2 ~ J mim2^ ■ 



We remark, finally, that if a factorized scattering theory is given, then it is possible, 
in a straightforward way, to introduce particle groups or multiplets of particle groups and 
their scattering. A particle group is a multi-particle state with fixed (possible imaginary) 
relative rapidities of the constituting particles. These particle groups behave in the same 
way as single particles. They can be regarded as compound states. The S-matrix elements 
for these particle groups can be built from the two-particle S-matrix in straightforward 
way, they are certain multi-particle S matrix elements, in fact. The Yang-Baxter equation 
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and the bootstrap equation can be regarded as equations which express the isomorphism 
or homomorphism between certain particle groups or single particles, regarding their 
scattering and symmetry properties. The homomorphism maps are two-particle S-matrix 
blocks or fusion and decay tensors. 

We also remark that the particle statistics has been left completely unspecified in 
this section, and the space of in and out and intermediate states were defined to be 
different. This, however, is only a minor deviation from the more usual formalism, in 
which both the in and the out states span the whole Hilbert space and the S-matrix 
elements are j conversion coefficients between the in and out bases. The more usual 
formalism corresponds to quotienting out the Hilbert space by the subspace defined by 
the relations \v) = ■■■®/(8>---®S'2(8>---®/(8>... |f), where \v) is any multi-particle state 
with rapidities so that 5*2 is nonsingular and has nonzero determinant. The statistics of 
the particles is then specified by the value of the two-particle S-matrix elements at zero 
relative rapidity. 

It is possible to draw other figures which are similar to Figure 12.51 and to write down 
the corresponding bootstrap equations. For example, one can consider the mirror image 
of Figure 12.51 However, it can be shown that the new bootstrap equations obtained in 
this way can be derived from the axioms that have been written down. 

2.2 Factorized scattering theory with a boundary 

If the space is a half-line, then scattering theory describes interactions of particle-like 
objects and boundary states. The particle-like objects travel in the half space, whereas 
the boundary states are localized at the boundary of the (half) space. The ground states 
are boundary states. The scattering takes place in the following way: at the beginning 
particles far form each other and the boundary travel towards the boundary, then the 
particles scatter on each other and refiect from the boundary, and finally particles travel 
away from the boundary and each other. The boundary state participates in the refiection 
and generally changes. The scattering operator is called refiection operator and denoted 
by R. 

The characteristics of factorized boundary scattering are listed and explicitly described 
below. Some of these properties are special to factorized boundary scattering theory, 
others (like unitarity) are general properties of boundary scattering theory applied to 
factorized boundary scattering theory. 

Factorized scattering theory in the presence of a boundary is characterized by the 
following properties: 



34 



CHAPTER 2. SUPERSYMMETRIC BOUNDARY BOOTSTRAP 



1) A factorized boundary scattering theory incorporates a standard (i.e. bulk) factor- 
ized scattering theory. 

2) The particle number is conserved. 

3) The outgoing rapidities equal —1 times the incoming rapidities. 

4) Factorization and boundary Yang-Baxter equation: An arbitrary X-particle scat- 
tering process can be described as a sequence of 2-particIe collisions and one-particle 
reflections, all possible descriptions are equivalent. The 2-particle collisions are described 
by the two-particle S-matrix block, the one-particle reflections are described by the one- 
particle reflection matrix block. These are the most interesting quantities in factorized 
boundary scattering theory. 

The Hilbert space can be decomposed into a sum of A^-particle subspaces: 

n" = e^=o^^ , (2.25) 

where 

^ V ' 

N 

for > 1, and 

njb nj 

iLq = iLb ■ 

He is the space of boundary states, the space Tlso of the ground states is a subspace of 
it. H-Bo is usually flnite dimensional, most frequently one-dimensional. 

T-C% can be decomposed into a (not direct) sum of spaces of in, out and intermediate 
states: 

/Tjv — 'l-N,in "T '^N,out '^N,intermed 

ioi N > 1, foi N — we have 

n/b -1/6 

'^0,in ~ '^O,out 

and there are no intermediate states for A" = 0, 1. 
A multi-particle state of the form 



ai(ei) (8) 02(62) (g) • • • (8) ajv(©jv) B 
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is an in state if 61 > 62 > ■ ■ • > Oat > 0, an out state if 61 < 62 < ■ ■ ■ < Oat < 0, and 
an intermediate state otherwise. We shall also use the ket notation for the multi-particle 
states. 

Hb can be decomposed into energy eigenspaces: 

Hb = ®EnB,E . (2.26) 
The boundary states are normalized as 

{Bi\Bj) = 5ij . 

It is often useful to consider a distinguished orthonormal basis of TY^ and the corre- 
sponding decomposition into a sum of one-dimensional subspaces: 

Hb = ^ibTi-B^ib , (2.27) 

which should be a refinement of the decomposition f l2.26p . 

Boundary states can also be involved in adjacency conditions. 

Instead of the physical R-operator one usually uses an auxiliary R-operator Raux, 
which is related to the physical R-operator in the same way as Saux is related to S. The 
aux subscript will be suppressed. The TC% are invariant subspaces oi Raux, the iV-particle 
auxiliary R-operator Ri\f is obtained by restricting the full auxiliary R-operator to H%: 
Rn '■ Ti-^ — 7^5^. In particular 

r>b (nih \ 'Tib 

J^N\''-N,in) — '^N,out 

and 

Rq = Id-^b . 

For > 1 the operators 

^Ar(ei,e2,...,e^) : 

v{Qi) ® v(02) ^■■■^v{QN)^nB^ v{-Qi) ® ^(-62) ® ■ ■ ■ ® v{-eN) ® Hb 

can be introduced so that 

(&i(e;)62(e'2) . . . bN{e'N)Bj\RN\ai{&i)a2{&2) . . . a7v(e^)5,) = 
= 5(61 + &[*)6{e2 + Q2) ■ ■ ■ Si^N + Q'n) X 

X (bii-eiM-ei) . . . bN{~Q%)B,\RM{Q,, 62, ... , e^)|ai(ei)a2(e2) . . . a;v(eAr)S,) 
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For the matrix elements of the R^-s the notation 

= {hi-eiM-e;) . . . bN{-e%)B,\Rr,{eu 62, ... , e,v)|ai(ei)a2(02) . . . a^(e,v)5,) 

is used. One can also introduce the operators 

Rn{Qi, ©2, . . . , ©jv) : y ®v ® - - -(^v^ ^nB ^ y(^v^---^v^ ®nB 

N N 

i?7v(0i, ©2, . . . , ©iv) = [i-ei®^-02®- • ■^i-ej.^IjRNiQi, ©2, . . . , ©iv)[%>%>- ■ ■^^el®I] ■ 
The matrix elements of the Rn-s are denoted as 

(-^Af)^ia2.'.l'I^!i(©l' ©2, • • • , ©Af) • 

For the matrix elements of Rn and Rn the equation 

(^^)a;ti^.(©l, ©2, • • • , ©^) = (^^)a;t:t^.(01' ... , ©iv) 

holds. 

One can introduce (-RAr)mim2...mAr,i?(©l, ©2, . . . , ©Af) and {RN)mim2...mN,E{^l^ ©2, . . . , ©at) 

as in Section Em Rn and i?Ar are composed of these blocks. 
Graphical representation of i?i(©) is shown in Figure EH 
If 

^l(©)(v^l®7^B,2) c Vi®nB,2 

for some subspaces Vi C and 7-^_b,2 ^ T^b,E2 with some mass mi and energy E2, then 
we can introduce the notation i^y^-^^^l©) = -Ri(©)|vi(giWi3 2 that i?ViWi3 2(©) 

the reflection matrix of the multiplet Vi on the boundary multiplet T-Cb,2- The case when 
'Hb,2 is ?^Bo is considered frequently, the reflection matrix blocks with Ti.B,2 = ^bo are 
called ground state reflection matrices. 

In the N = 2 case the factorization property is expressed by the equation 

i?2(©l, ©2) = [/ ® i?l(©2)][^2(©2 + ©1) ® /][/ ® i?l(©l)][^2(©l - ©2) ® /] 

or 

^2(©l,©2) = [^2(©l-©2)®/][/®i?l(©l)][^2(©l + ©2)®/][/®i?l(©2)] . 

The two equations correspond to the two possible decompositions of the 2-particle reflec- 
tion into 2-particle scatterings and one-particle reflections. 
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RO) 



Figure 2.6: One-particle reflection matrix Ri{Q) 





Figure 2.7: Boundary Yang-Baxter equation 
The equality of the two expressions on the right-hand side 

[/ ® (62)] [52(92 + 61) ® /][/ ® i?i(ei)][52(ei - 62) ® /] = 

= [^2(61 - 62) ® /][/ ® i?i(ei)][^2(ei + 62) ® /][/ ® i?i(e2)] (2.28) 

is called the boundary Yang-Baxter equation. A graphical representation of this equation 
is shown in Figure [2771 If the boundary Yang-Baxter is satisfled, then the analogous equa- 
tions expressing the equivalence of the possible factorizations of the A^-particle reflection 
(for > 2) into two-particle scatterings and one-particle reflections are also satisfled. 

The above equations (with the obvious modiflcations) are also satisfled by R2, Ri, S2 
and i?2, Ri, S2 and by the appropriate blocks of them corresponding to deflnite masses 
and energies. 



5) Analytic properties: Ri{Q) is an analytic function with possible pole singularities 
which are located in iM. The 'physical strip' for -Ri(6) is the domain < Im{Q) < 7r/2. 
The singular part of -Ri(O) at a pole lying in the physical strip is generally a sum of 
various contributions related to bound states and anomalous thresholds. 
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6) Real analyticity 

{R^{e*)y = R,{-e) . 

7) Unitarity 

(/?i(e*))ti?i(0) = /. 

This condition and the real analyticity condition imply 

Ri{-e)Ri{e) = I . 

In factorized scattering theory usually the latter condition is referred to as unitarity. 

8) Crossing symmetry 

{c0Bj\Ri{e){a®B,)) = 

= J2((^®(^\^2{'2&){a®b)){{CPfd)(^Bj\Ri{tn -&){{CPfb)®Bi)) (2.29) 

b,d&B 

(I2.29P is called 'boundary cross-unitarity' condition. Any orthonormal basis could be used 
instead of B. 

9) Boundary bound states: at some poles of {Ri)m,E{&) in the physical strip the 
singular part has a contribution corresponding to boundary bound states: 

iRi)mAQ) = f! '"'^ + siQ) + regiQ) (2.30) 

where iu, < u < 7r/2, is the location of the pole, reg{Q) is regular at iu, s(6) contains 
further possible singular terms, u is called fusion angle. It will also be denoted by u. 

Ji^f : Hb,Ei Ki ® 'Hb,e 

is the boundary decay tensor, 

is the boundary fusion tensor. We also have the hatted versions 

h^f : Hb,Ei Vm{-iu) (g) Hb,e 

and 
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Figure 2.8: Boundary fusion and decay tensors 

Figure 2.9: Contribution of boundary bound states 

-E, El, m and u are related by energy conservation: Ei = E + mcos(u). 

Graphical representation of gj^^ and h^f^ can be seen in Figure 12.81 The graphical 
representation of the residue h^fg^E shown in Figure 12.91 

The image space of g^^ has zero intersection with the kernel of h^f'. 

Generally if 

where /i, l\ and l\ take certain values from all possible values of /, f defined in (12. 5p and 
fl2.26p and the states in Vi, Ti^ i, 7^5,2 have mass m and energy E, Ei and there exists a 
fusion tensor g^^ and 

then we say that the boundary states labeled by l\ (i.e. the multiplet 7^5,2) are bound 
states of the particles and boundary states labeled by li and l\ (i.e. of the multiplet Vi 
and 713,1) ■ We can write 

Vi + Kb,! ^ nB,2 {u) , (2.31) 
where u is the boundary fusion angle, and call this expression a boundary fusion rule. 
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Figure 2.10: Graphical representation for (12.341) 



A rule denoted as 

a + Bi ^ B2 (u) (2.32) 

can be written down and also called a boundary fusion rule if there exists a boundary 
fusion tensor g with fusion angle u with nonzero matrix element between the one-particle 
states \a) and the boundary states I-B2): {B2\g{a ^ Bi)) 7^ 0. 

10) At some poles the singular part of (-Ri)m,E(0) may have contributions related to 
the existence of a bulk fusion tensor /X^. If such a fusion tensor exists, then (-Ri)m,£;(0) 
can be written as 

{RiUe{Q) = ^- ^^^f^ + s{e) + reg{Q) , (2.33) 

where u is determined by the kinematical condition that 

m(cosh(m), sinh(m)) = m(cosh(— m), sinh(— m)) + m'(cosh(z7r/2), sinh(z7r/2)) . 
The residue can be written in another form as well: 

[I ® GZ,,e] [dT' ® = Itn.' K'''] ■ (2.34) 

A diagrammatic representation is shown in Figure 12.101 

H'^'^ : Hb,e — ^ ® T^B,E 
can be regarded decay tensor, 

Gm,E • '^m ® T^B,E ^B,E 

as a fusion tensor. We also have the hatted versions 

He''' ■■ ^B,E ^ Kn(-^7r/2) ® nB,E 
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Figure 2.11: G^^; and H^'^ 



Figure 2.12: Graphical representation for H'^'^G^ 



and 

The graphical representation of G^^^ and H^'^ is shown in Figure 12. Ill 

The existence of does not necessarily imply that a contribution (I2.33P really exists, 

as G^, ^ and may be zero. 

If G^, ^ and H'^ are nonzero, then (-Ri)m',£;(0) can be written as 

jjm,EQE 

{Ri)m,Em = ^7^-^ + ^(0) + reg{Q) (2.35) 

Z Kf) — ITX / Z 

and so it usually has a pole at ot/2. The graphical representation of H^'^G^^^ is shown 
in Figure [2T21 

We remark that in some cases g^i ^ ^^'^ exist and s(9) contains a contribution 

of the form (12301) . 

The image space of G^,^ has zero intersection with the kernel of . 
We also have the relation 

= [I®Gl^E][{S2)mm'{- + Q)®m®{Rl)m',Em > (2-36) 
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which can be obtained from (12.281) and f l2.16p . Its graphical representation is shown in 
Figure [2l^ 

11) Bootstrap equations 

There are two kinds of bootstrap equations in the presence of a boundary. The first 
kind is related to reflections on boundary bound states: let iu be the location of the pole 
of (i?i)m,£;(0) for some mass m and energy E that corresponds to a boundary bound 
state. The following equation called the boundary bootstrap equation is satisfled: 

= [/®^5i^][(^2)™,™,(m + e)®/][/® (i^l)^,,£;(e)][(^2)rn,,n^(e-m)®/] . (2.37) 

We shall also call it first boundary bootstrap equation. 

A graphical representation of (|2.37l) is shown in Figure I2.14[ 

The second kind is related to reflections of bound states of particles: let us assume 
that the underlying bulk factorized scattering theory has the property that if (5'2)mim2(0) 
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Figure 2.15: The second boundary bootstrap equation 

has a pole at iu that corresponds to bound states, then {S2)m2mi (©) also has a pole at iu 
corresponding to bound states. This property is ensured if, for example, the scattering is 
invariant with respect to space reflection. If (>S'2)m,im2(0) has a pole that corresponds to 
a direct channel bound state, then the following equation is satisfied: 

[(^iWi^(e)][/^f„^®j] = 

(2.38) 

We shall call it second boundary bootstrap equation. A graphical representation of (12.381) 
is shown in Figure [2T5l 

12) Boundary Coleman-Thun diagrams 

The statements made in 10) in Section EH] can be generalized for the singularities of 
-Ri(6) in a straightforward way [H]. In general, first order poles correspond only to the 
diagrams shown in Figures [2T9l 12.101 12.121 This general rule is often modified, however. 

A more detailed description of boundary Coleman-Thun diagrams and the singularities 
of -Ri(O) can be found in [2T], for example. Applications can be found in [211 [22l [20l [23]. 
We remark that significant steps were made in [92] and [93] to develop perturbative quan- 
tum field theory in the presence of a boundary and to justify the generalization of the 
description of singularities to the boundary case. 

13) Symmetries 

Let A'' be an associative algebra over R. The representation of A'' has the following 
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structure usually: is usually a remnant of a symmetry algebra A of the underlying 
bulk scattering, so it is sufficient to have a representation Db '■ Ab EndiTiB) of 
A^ on Hb and a co-product (an algebra-homomorphism) : A^ ^ A ^ A^ to define 
representations on the TC% spaces. It is assumed that the representations of A in the bulk 
scattering theory have the structure that is described in Section I2.1[ 

Generally the co-product allows the definition of the product Di x x • ■ ■ x -Dat x 
Db of arbitrary representations Di, D2, . . . , D^ of A and of an arbitrary representation 
Db of a'', which will be a representation of A^. The definition of the product is analogous 
to that described in Section I2.1[ For two representations 

Dix Db = {Di® Db)o ^b ■ 

For Di, D2, Db one can choose either 

DiX D2X Db = DiX {D2 X Db) = [Di ® {{D2 ® Db) o A^)] o Ab = 

= {Di®D2(^DB)o{Id^®AB)oAB (2.39) 

or 

D^x D2X Db = {Di X D2) X Db = [{{D^ ® D2) o A) ® Db] o Ab = 

= {Di®D2®DB)o{A®Id^t)oAB. (2.40) 
Ab is usually required to have the co-associativity property 

(Jrf^ (g) Ab) o Ab = (A ® Id^^t) o Ab , 

where A is the co-product of A, which implies that the two definitions (12.391) and (I2.40p are 
equivalent. If A and Ab are both co-associative, then the multiplication of representations 
is associative. 

Usually A^ can be realized as a subalgebra of A, i.e. there exists a monomorphism 
i : A^ ^ A. i is not necessarily unique. 

If (A o i){A'') C ^(g) A^, then a co-product Ab can be defined in terms of A and i as 
follows: 

Ab = {Id_A0i)''^ o Aoi . (2.41) 

This co-product is co-associative if A is co-associative. The co-product Ab that actually 
appears in the definition of representations on multi-particle spaces often admits the form 

(Eau). 

In the definition of a symmetry transformation we assume that ^ is a symmetry 
algebra of the underlying bulk factorized scattering theory. An element Ab E A^ is a 
symmetry of the R operator if Ri has the intertwining property 

D{Ab)Ri = RiD{Ab) , (2.42) 
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where D{Ab) is the representation of Ab on H\. (12.421) and the assumed symmetry 
property of A imply that Rn has the intertwining property for the representation on 
for any value of A^. A symmetry of a fusion or a decay tensor is defined similarly. 
A symmetry of the factorized scattering theory with boundary is a symmetry of the R 
operator and all fusion and decay tensors. 

The remnant of the Poincare algebra is generated by the time translation generator 
Hb and the unit element Ib, the co- multiplication is 

Ab{Hb) =H(^Ib + I^Hb , /\b{Ib)=I®Ib ■ (2.43) 

We refer the reader to [I9] for the discussion of higher spin conserved quantities. The 
special case of the boundary supersymmetry algebra will be discussed, however, in later 
sections. 

14) Charge conjugation and reflections 

Space reflection is not defined. It could be introduced as a transformation that relates 
distinct theories with boundaries on the left- and right-hand side, respectively. 

The boundary charge conjugation and time reflection Cb and Tg, if their representa- 
tion is defined in a theory, have the properties that Cb{'Hb,e) = 'Hb,e and Tb{'Hb,e) = 
'Hb,e- We also have 

Tjv = Ti ® Ti ® • ■ ■ ® Ti ®Tb 

V ' 

N 

on T-C%. (Where Tb and T/v denote the restriction of T to Ti^ and H^.) 

Invariance of the R operator with respect to charge conjugation means invariance of 
the underlying bulk scattering theory as defined in 12) in Section ETT] and 

CRi{Q) = Ri{Q)C , 

invariance of boundary fusion and decay tensors means 

C~g^]E = ~91]eC and Ch^^f = h^fC . 

Invariance of the R operator with respect to time reflection means invariance of the 
underlying bulk scattering theory as defined in 12) in Section [2TT] and 

m(e) = (i?i(e))tf , 

invariance of boundary fusion and decay tensors means 



f~gZ]E = ChEfyT 
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Invariance of factorized scattering theory with boundary means that the R operator 
and the fusion and decay tensors are both invariant. 

We remark, finally, that we assume that all boundary states are bound states, which 
implies that all boundary states can be generated in a few steps form the ground state by 
boundary fusion. 

It is possible to introduce boundary particle groups, which are in fact multi-particle 
states (containing a boundary state) with fixed rapidities of the constituent particles. 
These 'boundary particle groups' behave in the same way as boundary states. They can 
also be regarded as compound boundary states. The reflection matrix elements on the 
boundary particle groups can be built from the two-particle S-matrix and one-particle 
reflection matrix in a straightforward way. One can also allow bulk 'particle groups' 
introduced in Section 12.11 their reflection matrix elements are also defined in a straight- 
forward way. The boundary Yang-Baxter and bootstrap equations can be given a similar 
interpretation as in the bulk. 

We also remark that the space of in and out and intermediate states were defined to 
be different, which is a minor deviation from the more standard formalism, in which both 
the in and the out states span the whole Hilbert space. This formalism corresponds to 
quotienting out the Hilbert space by the subspace defined by relations |f ) = ■ ■ ■ ® I ® 
• ■ ■ 5*2 ® ■ ■ ■ (8> I\v), and \v) = ■ ■ ■ <^ I <^ . . . Ri\v) , where \v) is any multi-particle state 
with rapidities so that 5*2 and Ri is nonsingular and has nonzero determinant. 

As in the bulk case, one can draw further figures which are similar to Figure ETH] and 
Figure [2. 151 and write down the corresponding bootstrap equations. These new equations, 
however, can be derived from the axioms written down and do not impose new restrictions. 

2.3 The bootstrap method 

The bootstrap method is a method for finding factorized scattering theories, i.e. solu- 
tions to the conditions described in Section 12. 1[ The boundary bootstrap method is a 
straightforward extension of the bootstrap method to the boundary case. 

A description of the bootstrap method is the following: let us assume that we already 
know a part of the particle spectrum that is closed under scattering and the action of 
CPT, and this action is also known or can be guessed. The corresponding internal space 
is denoted by V^. In this case we solve the Yang-Baxter equation for 5'2(0)|yo^yo. In 
some cases it is done by converting it into a linear differential equation by differentiation. 
If we look for theories with a given symmetry the action of which on is known, then 



2.3. THE BOOTSTRAP METHOD 



47 



imposing it on 5*2 (0)1^00^0 niay also simplify the Yang-Baxter equations. The solution is 
obviously undetermined up to an overall scalar function multiplier F{Q) and it can con- 
tain further undetermined parameters. Only analytic F{Q) and >S'2(0)|yo®yo with possible 
pole singularities are considered. F(9) and the solution is further restricted by the real 
analyticity, unitarity and crossing symmetry conditions. After imposing these conditions 
F(0) is constrained to satisfy the equations F{Q) = F{in — 6), F(9)F(— 0) = 1 and 
F(6*)* = F(— 6). The functions satisfying these equations are called CDD (Castillejo- 
Dalitz-Dyson, [9l]) factors. F{Q) is usually chosen so that S2{Q)\vo^vo have the mini- 
mum or nearly minimum number of poles in the physical strip. After having determined 
5'2(O)|yO0V'O, we check whether its poles lying in the physical strip can be related to 
bound states and Coleman-Thun diagrams as described in 4), 7), 10) in Section \2A[ and 
whether the bootstrap equations are satisfied. One often finds that not all simple poles 
can be explained in terms of bound states and Coleman-Thun diagrams, and in this case 
one extends by including new particles with masses prescribed by the location of the 
unexplained poles and kinematics. This extension of is denoted by V^. The bootstrap 
equations allow to calculate the still unknown parts of 5*2(0) jyi 01/15 they are linear alge- 
braic equations for these parts. The action of possible symmetries is also determined on 
the extension of V'^ by demanding that the intertwining properties hold. The next step is 
to check again if the simple poles of 52(0)|vi(giyi can be explained in terms of bound states 
and Coleman-Thun diagrams. If this is not the case, then one can continue by extending 
further into an internal space V"^, calculate 5'2(0)|y2^y2 and so on until no further 
extension is necessary. Finally it should be checked whether all poles can be explained in 
terms of bound states and Coleman-Thun diagrams. If they can, the procedure is finished 
('the bootstrap is closed'). 

In case of the sine-Gordon model, for instance, can be chosen to be a two- 
dimensional space spanned by the soliton and anti-soliton, and the bootstrap is closed 
in one step. The space is spanned by the breathers together with the soliton and 
anti-soliton. 

The choice of the CDD factor has an infiuence on the singularity structure of the S- 
matrix, so the consistency of the axioms of Section 12.11 imposes a constraint on the CDD 
factor, although in a complicated way. 

It should also be noted that there is a large class of models (including the sinh-Gordon 
model, for example) in which the scattering is diagonal, and in this case the Yang-Baxter 
equation is automatically satisfied and cannot be used to constrain the S-matrix. However, 
the second part of the above method remains unaltered. 

The boundary bootstrap method is the straightforward adaptation of the above de- 
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scribed steps to the boundary factorized scattering theory. One usually assumes that 
the ground state is unique and one starts with H% — Hbo- (The boundary analogue of 
V^,V^, . . . is denoted by 7i%, Tt^^, . . . .) Then one determines the ground state reflection 
matrix Ri{Q)\y^-^o^ by the boundary Yang-Baxter equations, unitarity, crossing symme- 
try and real analyticity conditions and by the second boundary bootstrap equations. The 
second boundary bootstrap equation is a linear algebraic equation for the reflection matrix 
of bulk bound states on the the ground state boundary, so if the ground state reflection 
matrices of certain particles is already known, then the second boundary bootstrap equa- 
tion generally allows one to compute the ground state reflection matrix of their bound 
states relatively easily. 

If we multiply a reflection matrix which satisfles the Yang-Baxter equation by an 
overall scalar factor F(0), then the result also satisfles the Yang-Baxter equation. If the 
unitarity, crossing symmetry and real analyticity conditions are also taken into consid- 
eration, then F{Q) is constrained exactly in the same way as in the bulk case described 
above. This F(9) is also referred to as a CDD factor. 

Having obtained the ground state reflection matrix one considers the poles of this 
reflection matrix and determines 7i^^ < 7i% < ... and i?i(0)|y0^o^, i?i(0)|y^7^i^, . . . 
until the bootstrap is closed. In summary, in the boundary case all the excited boundary 
states are obtained by bootstrap form the ground state. 

We remark that to perform the complete bootstrap procedure as described above can 
be rather laborious. In some cases the equations are best handled by a suitable computer 
algebra program. It is not uncommon in the literature that only certain parts, e.g. the 
solution of the Yang-Baxter equation or the verification of the pole structure and the 
actual bootstrap are considered, especially in the boundary case. Often the check of the 
correspondence between poles and Coleman-Thun diagrams is not performed completely. 

The boundary bootstrap is usually harder than the bulk bootstrap, partially because 
it is built on the bulk part, partially because the equations themselves are larger and more 
difficult to handle, the structure of boundary states is more complex than the structure 
of bulk states, and much more Coleman-Thun diagrams exist than in the bulk. 

It should be noted that if a solution to the axioms of factorized scattering theory has 
been found, then it is usually a further problem to link this solution to a model defined 
by a Lagrangian function, for instance, or to make sure that the solution is really right for 
the model that one investigates. In some cases the problem is only to find the mapping 
between the parameters of the Lagrangian function and the parameters of the solution. 
This matching of S matrices with field theoretical models is usually done by various other 
methods of quantum field theory. 
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In the rest of this chapter we shall generally omit the tilde and subscripts 2 and 1 from 
5*2 (0) and i?i(0) and write S{Q) and i?(0), and we shall not use the other (e.g. hatted) 
versions of the two-particle S-matrix. Similar change in the notation applies to the fusion 
and decay tensors. 



2.4 The supersymmetry algebra in 1+1 dimensions 

The supersymmetry algebra A is an associative algebra over M, generated by Q, Q, Z, H, 
P, N, r, /. Q and Q are called supercharges, Z is the supersymmetric central charge, T is 
the fermionic parity operator, H and P are the time and space translation generators, 
is the boost generator and / is the unit element of the algebra. These generators satisfy 
the following relations: 

{r,r} = 27 {Q,Q}^2Z 

{T,Q} = {r,Q} = o 

{Q, Q} = 2{H + P) {Q, Q} = 2{H - P) 

[iv,r] = o 

[N,H + P] = H + P [N,H - P] = -{H - P) . (2.44) 

The supersymmetric central charge commutes with all elements of the algebra. A 
admits a Z2-grading, generators of grade are P, N, Z, I, generators of grade 1 are 

Q, Q, r. 

One can also introduce the boosts: B{(f) — e"^^ . 

The co-product A used to define the action of A on multi-particle states is given by 

A(g) = g0/ + r®g A(g) ^g^z + r^g 

A(r) = r®r A(z) = z®7 + 7®i 

A{H)^H0l + I®H A(P) = 7 + P 

A(N) ^N®I + I0N . (2.45) 

A satisfies the co-associativity property. 

We call the algebra obtained by the omission of the internal part of A. We denote 
this internal part by A. It has the property that B{ip)AB{—ip) — A and A{A) C A<S>A. 
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The latter property implies that the restriction of A to ^ will be a (co-associative) co- 
product for A. 

The one-particle representations of A generally take the form of induced representa- 
tions. A representation D oi A that is induced from a representation of ^ is characterized 
by the following properties: the representation space H can be written as 

H = J dQ W{e) , (2.46) 

where the space VF(©) at any fixed © is invariant with respect to A and contains states 
with rapidity O. The notation W{D{Q)), WD(e), Wd{Q) are also used instead of W(0). 
The representation of A on W{Q) is denoted by D{Q). We have 

D{B{^))D{e){A)D{B{-^)) = D{e + ^){B{^)AB{-^)) (2.47) 

for all A ^ A, this equation describes the relation between the representations D(0) at 
various values of ©. 

We can introduce the linear isomorphisms iq : W{Q) — > W, a(©) i— > a, where the 
space W is called the internal space. The notation Wo or W{D) is also used instead of 
W. The equation D{B{(p))a{Q) — a{Q + (p) is satisfied. For any fixed © a representation 
of ^ on can be defined in the following way: A i— > iQD{Q){A)iQ^ . We do not introduce 
new notation for these representations, we denote them by D{Q). 

The product of two representations Di(©i) and 02(02) of A is obtained using the 
co-product A|_^. Di(©i) x 02(02) is contained in Oi x O2. 

2.4.1 Representations of the supersymmetry algebra 

We consider representations on Hilbert spaces. The Hermitian adjoints of the generators 
are 

P^ ^P = T ^ -N . (2.48) 

On a one-particle supersymmetric multiplet |a(0)) the action of the supersymmetry 
algebra takes the following general form: 

g|a(©)) = V^e®/2g|a(e)) (2.49) 
Q\a(e)) = v^e-®/2g|a(©)) (2.50) 
B(ip)\a(e)) = e'^^|a(©)) = \a(ip + ©)) , (2.51) 

where m is the mass of the multiplet and q and q are ©-independent matrices which act 
on the states of the supermultiplet and satisfy 

= {q,q}^2Z, 
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where Z = on the multiplet. The action of T is independent of 9 and 

{r,g} = {r,g} = o. 

The boson-fermion representation Pm of mass m is defined by 

<-> 

in the basis {0(0), '?/'(0)}, where e = exp(i7r/4). The basis vectors 0(6) and -0(6) corre- 
spond to bosons and fermions, respectively. The central charge is zero in this representa- 
tion. The action of CPT is CPT0(e) = 0(6), CPT^{e) = -^(9). The boson-fermion 
representation will also be called particle representation and the boson-fermion states will 
also be called particle states. The word particle is used in the general sense as well, not 
referring to any particular representation. 

Another representation Pm is obtained if we multiply T in (I2.52p by —1. We call it 
pseudo-boson-fermion representation. 

The kink representation Km of mass m is given by 
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(2.53) 



in the basis {K^^{&),K^^{Q),K.^{B),K.^m ■ 

There are further representations Km called pseudo-kink representations, which are 
obtained by multiplying q and g by —1 in (12.531) . or by interchanging the labels 0^1. 

It is also true that there exists a continuous family of (inequivalent) representations 
similar to the kink representation and interpolating between the kink and pseudo-kink 
representations. 

Multi-kink states have to respect an adjacency condition: in the physical 
I . . . i^^a6(0i)-^c(i(02) • • •) state b = c must hold. Multi-kink states not satisfying this 
condition are set equal to zero (so (T (g) I)\Ki^{Qi)K^{Q2)) = 0, for example). This 
adjacency condition gives kinks a character rather different from that of usual particles. 

CPT acts as follows: Kab Kba- 
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The following decomposition equations hold for two-particle states: 

P-mi ^ — ^ ^^ {,Pm ~\~ Pm) i P-mi ^ Pm2 — ^^{Pm ~l~ Pm) ; (2.54) 

m m 

Pmi ^ Pm2 — ^^{Pm + Pm) ■ (2.55) 

m 

In (I2.54P the first equation means, for example, that a two-particle state transforms in the 
sum of a boson- fermion and a pseudo-boson- fermion representation (of appropriate mass). 
One can write down the decomposition equations for the Pmi(0i) etc. representations of 
A as well: 

Pm,{Oi) X P™,(e2) - P™(e) + p^(e) , p„,(ei) x p„,(e2) ~ p^(e) + p„(0) , 

(2.56) 

Pm.iQi) X P™,(e2) - P™(e)) + p„(0) , (2.57) 

where m and 9 are determined by mi, m2, 61, ©2 kinematically. 

Multi-kink states containing even number of kinks can be arranged in two sectors: the 
first sector contains the states which have left and right label |, the second sector contains 
the states which have left and right labels or 1. These two sectors will be called | and 
01 sector. 

For two-kink states we have the decomposition equation 

KrnXKm^ 1 + [Pm' + Pm']oi) • (2.58) 

m' 

The subscripts refer to the sectors in which the subspaces lie. The values of m' may have 
multiplicities higher than 1, this is not denoted explicitly. Similar equations as (12.561) . 
(I2.57P can also be written down. 

It will become clear that it is reasonable to give the (reducible) representation [Pm'] i + 
[Pm' + Pm']oi appearing on the right-hand side of (12.581) a name of its own, which will be 

(2) 

'two-kink-representation' of mass m' , denoted by K!^; . The states transforming in this 
representation will be called two-kink-states. 

The following combinations of two-kink states span the invariant subspaces (see also 
[331 [39]) : 



10^(9; m)) = \KiQ{e + iu)KQi{e - iu)) + \Ki^{e + iu)K^i{e - iu)) (2.59) 



'cos(f -f) 



COS(f + 2, 



1^1 (Q; ^)) = H LJt , .; (l-^io(e + ^u)K,^iQ - m)) - \K.,{Q + iu)K,.{Q - lu))) 

(2.60) 
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[^]oi : 



102(6; m)) = \Koi{e + iu)Kio{Q - iu)) + \K-^i{e + iu)Ki^{e ~ iu)) (2.61) 



/cosf- - -) 



(2.62) 



[P]oi : 



10(0; m)) = \Koi{e + iu)KiQ{Q-iu)) - \K^i{e + iu)Ki^{Q - iu)) 




(2.63) 



|0i(O;u)), 102(0;^)) are boson states with T = 1, 1-01(0; -u)) and \ip2{Q'iU)) are fermion 
states with F = — 1. The two states in ( 12.63p and f l2.64p span the pseudo-boson-fermion 
representation. The value of F on the pseudo-boson state |0(0;m)) is —1, on |^/^(0;m)) it 
is 1. In the basis (1239]) . fICTD : (l2:6TD . HMD : (EjSl), fl2:64l) the matrices of g and g take 
the form written down above. 

CPT acts on these states as follows: 



It should be noted that |0i(0;m)), |^i(0;m)), |02(0;m)), 1^^2(0; «)), 10(0; «)) and 
\ip{Q;u)) are states which have zero norm and are not orthogonal. States transforming 
in the boson-fermion and pseudo-boson-fermion representations that are orthogonal and 
have nonzero scalar product with themselves are the following: 



(2.64) 



CPT|0i(0;w)) = |0i(0;w)) 
CPT|02(0;^/)) = 102(0; n)) 
CPT|0(0;m)) = |0(0;m)) 



CPT\MQ;u)) = -\MQ-u)) 
CPT\MQ;u)) = -\MQ;u)) 
CPT\i,{Q;u)) = \ij{e-u)) . 



(2.65) 
(2.66) 
(2.67) 



|0i(0;w)) + |0i(0;-w)) 
102(0; n)) + 102(0; -n)) 
10(0; w)) + 10(0; -w)) 



\M<d;u)) + \MQ--u)) 
|^(0;w)) + |V^(0;-w)) 



(2.68) 
(2.69) 
(2.70) 



and 



|0i(0; u)) - |0i(0; -u)) |^i(0; u)) - |V^i(0; -u)) (2.71) 

102(0; u)) - 102(0; -u)) \MQ- u)) - |^2(0; -u)) (2.72) 

10(0; u)) - 10(0; -u)) |V'(0; u)) - |V^(0; -u)) . (2.73) 
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Although K^"^^ can be decomposed into a sum of irreducible representations, the prod- 
ucts of elements of [P]i, [P]oi and [P]oi satisfy certain relations because of the kink 
adjacency conditions. For example, = |0202)- 

The eight particle-kink states |p(9i)ii'(02)), where p stands for a boson or fermion and 
K stands for a kink, transform in the direct sum of a kink and a pseudo-kink representation 
if and only if 

61 - 62 = i(7r - m) and m = 2Mcos(m) = 2Msin(7r/2 - m) , (2.74) 

where m is the mass of the particle and M is the mass of the kink. This is precisely the 
condition that the total mass of the particle-kink state is also M. If this condition is not 
satisfied, then the decomposition of the representation in which the particle-kink states 
transform contains the general kink-like representations mentioned above but does not 
contain the kink, pseudo-kink, particle or pseudo-particle representations. The same can 
be stated for the kink-particle states \K{Qi)p{Q2)) ■ Similar statements can also be made 
if we replace the particle representation by the K^'^^ representations. 

The simplest vacuum representations are one-dimensional, spanned by a state |f2). In 
a one-dimensional representation all operators act as a multiplication by a number, so Q, 
Q, P have to be represented by zero. F can be either 1 or —1. It is reasonable to 

require that a ground state representation Dq have the property 

D^y^D^D (2.75) 

for any one-particle representation D. This requirement eliminates the case -Dq(F) = — 1. 
Different values for yield inequivalent one-dimensional representations, all of which 
satisfy (12.750 . nevertheless the scattering data does not depend on the eigenvalue of on 
|f2), so it is chosen to be 0. The choice Dq_{V) = —1 would also leave the scattering data 
unaltered. CPT acts in the following way: CPT\Q) = 

Another natural vacuum representation -Dq^^i is 3-dimensional, the representation 
space is spanned by the vectors |0), |1), ||). The generators in this representation are 
Q = Q = Z = H = P = N = 0, 

/ 1 \ 
F= 10 
\0 1/ 

The states in this representation are subject to the the kink adjacency conditions. CPT 
acts in the following way: CPT\0) = |0), CPT\1) = CPT|i) = 
Taking into consideration the adjacency conditions we have 
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and the same equation holds for [-Pm]i, [-Pmjoi, [-Pm]oi and Km\ and also if a rapidity is 
specified and representations of ^ are considered. Dqi^ nsed together with the Pm 

representations. 

The representation -Dqi^ appears in the supersymmetric sine-Gordon model, for ex- 
ample (see [95]) • It should be noted, however, that the vacuum does not appear to play 
a role in scattering theory. 

The states 

?7r ?7r 

Vo{e) = |i^oi(0 + y)^io(0-y)) (2-76) 

v,{e) = |i^i|(e + -)K.,(0--)) (2.77) 

V.{Q) = |i^io(0 + y)^oi(0-y)) + l^ii(0 + y)^i|(0-y)) (2-78) 

transform in a representation that differs from Dqi^ only in the action of the boosts. Q 
and Q are nilpotent on the states (I2.59l) - (12.64l) at m = 7i/2. The kernel and image spaces 
of Q and Q are both spanned by the boson and pseudo-boson states, or equivalently by 
Vo, Vi, Vi. 

The adjacency condition for a multi-particle state containing both boson-fermions 
and kinks is the following: the usual condition applies for neighbouring kinks, and if 
in a state | . . . KabP . . .p ■ . .pK^ ■ ■ ■) where p stands for boson-fermions there are only 
boson-fermions between Kab and Kcd, then either 6 = c or |6 — c| = 1. 

We remark that Pm and Pm as well as Km and Km are equivalent as ray representations, 
and so are all the one-dimensional (vacuum) representations. 

As we mentioned in the Introduction, we shall consider the boson-fermion (Pm) and 
kink (Km) representations as representations in which bulk particle multiplets of super- 
symmetric theories can transform. 



2.5 The boundary supersymmetry algebra in 1+1 di- 
mensions 

The boundary supersymmetry algebra is an associative algebra over M. It is generated 
by a boundary supercharge Qb, a boundary central charge Zb, the time translation 
generator Hb and a unit element Ib- Ab is commutative and the following relation is 
satisfied: 

Ql = 2Hb + 2Zb . (2.79) 
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There are essentially two different co-products : Ab A® Ab- 

A+{Ib) = I®Ib (2.80) 

A+{Hb) = H®Ib + I®Hb (2.81) 

A^{Zb) = Z ^ Ib + I Zb (2.82) 

A+{Qb) = {Q + Q)®lB + r®QB (2.83) 



and 

A-b{Ib) = I®Ib (2.84) 

Ai{Hb) = H®Ib + I®Hb (2.85) 

Ai{Zb) = -Z®Ib + I®Zb (2.86) 

A~^{Qb) = {Q-Q)®Ib + T®Qb . (2.87) 

They both satisfy the co-associativity property. 

and A^ can be related by an automorphism j A that has the property = Id: 

jiQ) = -Q jiQ)=Q J{N) = N (2.88) 

jiz) = -z j(r) = r (2.89) 

(j ® Id) o A+ = A^ . (2.90) 

A^ and A^ can be written in the form (12.411) with the monomorphisms ,i~ : Ab ^ 

A: 

t^iQB) = Q + Q i+{Hb)=H (2.91) 

i^{Zb) = Z t^{lB) = I (2.92) 

i~iQB) = Q-Q i-{Hb)=H (2.93) 

i-{Zb) = -Z i~{Ib) = I. (2.94) 

i"*" and i~ are also related by j: j o = i~ . 

To describe situations when the fermionic parity is also conserved, Ab can be sup- 
plemented with the boundary fermionic parity generator Tb- It satisfies the following 
relations: 

{Tb, Tb} = 2Ib , [Tb, Zb]=0, [Tb, Hb] = , (2.95) 

and also 

{TB,QB} = 2glB , (2.96) 
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where g is a parameter of the algebra. The co-product of is 

ABiTB) =T(^Tb . (2.97) 

The co-associativity property remains valid. 

Finally, as A^{A) C A® Ab, can be used to multiply representations of A and 
one representation of As- 

2.5.1 Representations of the boundary supersymmetry algebra 

As in Section [2.4.1l we consider representations on Hilbert spaces. The Hermitian adjoints 
of the generators are 

Hi = Hb Q\ = Qb 4 = Zb {T^ = Tb) ■ (2.98) 

There are several different one-dimensional representations of the boundary supersym- 
metry algebra which can serve as representations in which the ground states of various 
models transform. Moreover, higher dimensional representations may also occur in some 
models. The adjacency condition between the ground state and the nearest kink is re- 
quired to be satisfied, and we shall consider one-dimensional representations only, follow- 
ing [36], this being the simplest choice in the absence of other guiding information. In 
this explained in |36| . the supersymmetric kink label for the boundary must in 

general be \. We shall not consider the cases when the ground state is singlet with label 
or 1. 

The possible ground state representations form a one-parameter family. It is conve- 
nient to write this parameter in slightly different forms in the cases when and is 
used. The representations are denoted by D-^ in the (+) case and in the (— ) case, 7 
and 67 being the two forms of the parameter. We shall also use the notation i?i for the 
ground state representation, in this notation the parameters are not written explicitly. 
The representation space of Bi_ will be denoted by W{Bi_). 

The action of the boundary supersymmetry generators on ) in the (— ) case is 

Qsl^i) = e7|5i) , Zb|Bi) = 0, e = ±1 , (2.99) 

where 7 G M, 7 < and |-Bi) is the basis vector for the representation space. 
In the (+) case 

g^l^i) = 7|5i) , Zb\b.) = {], 
'2 2 2 

where 7 G M. 67 or 7 is a parameter of the model to be described and is expected to be 
expressible in terms of the parameters of the Lagrangian density. The reason for writing 
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the parameter in the form 67 in the (— ) case will become clear in 12.6.51 when the ground 
state kink reflection amplitudes are discussed. 

It is not necessary to set the eigenvalue of Zb equal to zero, however the scattering 
data is completely independent of the eigenvalue of Zb- 

UTb is also included in ^4^, then 

Tb\Bi) = e\Bi) , e = ±1 
2 2 

and g = eej in the (— ) case and g = e'j in the (+) case. 

2.6 Supersymmetric factorized scattering 

2.6.1 Ansatz for the supersymmetric scattering theory 

A formalism for constructing = 1 supersymmetric factorizable bulk scattering theory 
is the following: 

1) It is assumed that a known factorized scattering theory to be supersymmetrized is 
given as described in Section ETH 

2) The internal space of the supersymmetrized theory will be 

Vtot = ®k{Wk(»Vk) , (2.100) 

where the W^-s are internal spaces of representations Dk of the supersymmetry algebra 
as described in Section 12.41 the V^-s constitute a decomposition of V: 

V = (BkVk , (2.101) 

and each \4 can be decomposed further into a sum of one-particle spaces appearing in 
(12.51) . i.e. a specific value of k is assigned to each particle. The masses of the particles 
appearing in this decomposition of Vk are the same for specific values of k, i.e. the de- 
composition (I2.10ip is a refinement of (12.31) . if two particles have the same value of k, 
then they also have the same mass. The Vk spaces must be invariant subspaces of CPT. 
The masses of the representations are the same as the masses belonging to k in the 
non-supersymmetric theory. 

The scalar product on Vtot is defined in the standard way. The representation of the 
supersymmetry algebra on the one-particle Hilbert space is also defined in a straightfor- 
ward way, i.e. the generators, except for the boost generator, act trivially on the non- 
supersymmetric part. 
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The Wk-s will be referred to as supersymmetric parts. 

S{Q) must be block 'diagonal' with respect to the decomposition (I2.101I) . i.e. 

S{e){Vk, ® \4J C Vk, ® Vk, . (2.102) 
The fusion tensors must also have a similar property 

where is uniquely determined by ki and /c2 and the fusion angle, which is denoted in 
the following way: 

ki + k2 ^ fcs (u) . 

Thus we can consider the blocks Skik2{'S)), fktk2 '^^z^^ which behave essentially in the 
same way as the blocks corresponding to definite masses. 
We note that Vtot{Q) = ®k{Wk{Q) ® 14(6)). 



3) The full supersymmetric S-matrix will be 'diagonal' with respect to (I2.100p and the 
blocks are given by 

{Stot)k,k2{&) = {SsusY)kMQ) ® Sk,k2{<S)) ■ (2.103) 

The {SsusY)kik2{^) '■ Wki ® Wk2 — > Wk2 ® Wk^ factors are called supersymmetric factors. 
The fusion tensors also take similar form: 

{ftot)llk2 = UsusY)l\k2 ® &2 (2.104) 

{dtott,"' = {dsusY)lf' ® dlf^ . (2.105) 

ifsusY)llk2 ® ^k2 Wks and idsusY)kf' ■ Wk, ^ Wk2 ® Wk, are also referred to 

as supersymmetric factors. The image space of {fsusY)klk2 should have zero intersection 
with the kernel of {dsusY)tf'- 

The collection of the supersymmetry factors {fsusY)klk2 ^^'^ {dsusY)kt^ ^^'^ 
iSsusY)kik2i^) should satisfy every possible bootstrap equation of the form (12.160 . This 
ensures that the full S-matrix and fusion and decay tensors will satisfy the bootstrap 
equations. The supersymmetry factors should also be invariant with respect to the su- 
persymmetry algebra. 

If S'fc^fc2(0) has a pole at iu with a contribution corresponding to a direct channel bound 
state, then there will be such a contribution for {Stot)kik2{^) with residue {SsusY)kik2{'^u)^ 
d'kj'^ fkik2 ^^'^ ^^'^ following equation is satisfied: 

{SsusY)k,k2{^u) = {dsusY)lf\fsusY)l\k2 , (2-106) 
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which is the version of (12.91) for the supersymmetric factor of the S-matrix. (12.106^ is 
called fusion equation. 

4) The supersymmetric factors {SsusY)kik2{'^) ^ire complex analytic functions. They 
satisfy the Yang-Baxter equation described in Section 12.11 the unitarity, real analyticity 
and crossing symmetry conditions. They do not have poles in the physical strip. 

2.6.2 Ansatz for the supersymmetric scattering theory in the 
presence of a boundary 

1) It is assumed that a known factorized scattering theory with boundary to be su- 
persymmetrized is given as described in Section 12.21 and its underlying bulk factorized 
scattering theory is supersymmetrized in the way described in Section 12.6. 1[ 

2) The space of boundary states of the supersymmetrized theory will be 

nB,tot = ®k»{WB,k^ ® nB,k^) , (2.107) 

where the W^^k''-^ ^ire representation spaces of representations Df,b of the boundary su- 
persymmetry algebra. The Ti^^b-s constitute a decomposition of Tis: 

T^B = ®k>>Ti-B,k>' ! (2.108) 

which is a refinement of (12.261) . i.e. if two states belong to the 'HB,k'' with a fixed value 
of k^, then they also belong to a common energy eigenspace Hb,e- The energy of the 
representations Dj^t is determined by the energy of the states belonging to in the non- 
supersymmetric model. The scalar product on 7iB,tot is defined in the standard way. 
The representation of the supersymmetry algebra on ® '^B,k'' is also defined in a 

straightforward way, i.e. the generators act trivially on the non-supersymmetric part. 

The W^B^fct-s are referred to as supersymmetric parts. 

R{Q) must be diagonal with respect to (j2.108p and (j2.10ip : 

R{Q){Vk ® 'HB,k^) C Vfc ® 'HB,k^ 
and the boundary fusion and decay tensors must also have a similar property: 

9l]E,iyk®nB,k\)^^B,kl , 
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where /cg is uniquely determined by k and k\ and the fusion angle, which is denoted in 
the following way: 

k + k\^kl {u) . 

Thus one can consider the blocks Rj^ i.b{Q), gj,\b, \ which behave essentially in the 
same way as the blocks corresponding to definite masses and energies. 

3) The full supersymmetric R-matrix will be diagonal with respect to k and k^ and 
the blocks are 

{Rtot)k,klie) = {RsusY)k,kim ® Rk,kim . (2.109) 
The boundary fusion and decay tensors also take similar form: 

(2.110) 
(2.111) 



and 



The factors 





- {gsUSY^k i^b 


®9f,%b 


(h )'''^' 


— [iT'SUSYj^.b 




{Gtot)^^^b 
{Htot)^b ^ = 


= {GsUSY)l^f,b 
= {HsuSY)^b ^ 


k k^ 


{RsUSY)k,k>li^) ■ 







(2.112) 
(2.113) 



{9susY)f,^b ■■ Wk ® Wb^^I WB,k<^ , {hsusY)lf : W^^^b ^ Wk ® Ws^kl , 
iGsusY)f^,b ■■ Wk ® W^^^b ^ W^^^b , iHsusY)',b'' : W^^.b ^ ^ W^^.b 
are called supersymmetry factors. The image spaces of {gsusYjuuh ^nd \GsusY)i}ub should 

\k k^ .j^k^ 

have zero intersection with the kernel of [hsusYjJb ^ and [HsusYjJb ^■ 

The collection of all boundary supersymmetry factors together with the bulk super- 
symmetry factors should satisfy every possible bootstrap equation of the form (12.371) and 
(I2.38p . This ensures that the full R-matrix and fusion and decay tensors will satisfy the 
bootstrap equations. The supersymmetry factors should also be invariant with respect to 
the boundary supersymmetry algebra. 

If Rj^ f^b{Q) has a pole at iu with a contribution corresponding to a boundary bound 
state, then there will be such a contribution for {Rtot)k,k''i^) with residue (i?s';75y)^^b(m)® 

k k^ 

h I ^g,\b and the following equation will be satisfied: 



^2 "-'"-1 



{RsusY)k,k>i{iu) = {.hsuSYf^b\gsUSY)l]^b^ , (2.114) 
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which is the version of (12.301) for the supersymmetric factor of the R-matrix. (I2.114p is 
called boundary fusion equation. 

If Rf, ,.b{Q) has a pole at iu with a contribution corresponding to the existence of a 
bulk fusion tensor /^^,, then there will be such a contribution for {Rtot)k,k^{^) with residue 

{RsusY)k,kliiu) ® i[I ® G-felfejll^"'' ® I])- We require that 

{RsusY)k,kl{^u) = [/ ® {GsusY)%,][{dsusY)l''' ® /] , (2.115) 
which is the version of (12.331) for the supersymmetric factors, and 

[/ ® {GsusY)%,.][{dsusY)f ® /] = [{fsusY)l' {HsusYtf] , (2.116) 

which is the version of (12.341) for the supersymmetric factors. 

Similar assumption is made about the pole at m /2 and the version of (12.351) for the 
supersymmetry factors will be 

{RsusY)k,k\{^^l'^) = {HsusYtSGsusY)%,^ ■ (2.117) 

4) The supersymmetric factors {RsusY)k,k\{^) ^n^e complex analytic functions. They 
satisfy the boundary Yang-Baxter equation, the unitarity, real analyticity and crossing 
symmetry conditions described in Section [2T2l The supersymmetric factors {RsusY)k,k\i.^) 
should not have poles in the physical strip. 

2.6.3 Supersymmetric bootstrap 

The supersymmetric factors of the ansatz described in Sections 12.6.11 and 12.6.21 can be 
calculated in a way that is very similar to that described in Section 12.31 The main 
difference is that the fusion angles are not determined by poles but are taken from the 
non-supersymmetric theory, which is assumed to be known. 

Supersymmetric fusion rules, which are related strictly to the supersymmetric factors 
only, can be defined in analogy with the non-supersymmetric fusion rules. 

It is an interesting problem to find all the possible supersymmetric factors and super- 
symmetric fusion rules for a given set of representations for the bulk part, regardless of 
particular non-supersymmetric theories, and to find all the possible supersymmetric fac- 
tors of the ground state reflection matrix for the given set of representations for the bulk 
particles and for the ground state, and finally to find the supersymetric factors (includ- 
ing the reflection matrix factors) for higher level boundary states for arbitrary boundary 
fusion angles, and to describe the possible supersymmetric boundary fusion rules. Such 
results can then be applied to particular non-supersymmetric theories. 
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2.6.4 Supersymmetric S-matrix factors 

The general solution of the Yang-Baxter equations that describes the (supersymmetric 
factor of the) scattering of two boson-fermion supermultiplets is 



Spp{Q, rrii, rrij, a 
1 



2^(91 - 92)(gi - 52) + a'*'^'F(e)[l - t{Q,mi,mj)qiq2][l + t{Q,mj,mi)qiq2] 



where 

fe + \og{mi/mj)\ mi + m^ +2^m^cosh(e/2) 

t{Q,mi,mj) = tanh I — , (B) — 



4 y ' ' ' 2zsinh(e) 

qi = q® I , q2 = V ® q , qi = q (g) I , q2 = T ® q . 

rrii and nij are the masses of the multiplets, and a^*'-'! is a real constant, which is interpreted 
as the measure of the strength of Bose- Fermi mixing, a^*'-'' = corresponds to trivial 
scattering, i and j are indices of the type introduced in (I2.10ip . G^'^'^^{Q) is a scalar 
function. Sp'p{Q)/G^^'^^{Q) can depend on the conserved quantities i,j through rrii, t^j 
and a'*'-'] only. It can be shown that the Yang-Baxter equation implies that the particles 
in a theory can be divided into disjoint sets with the property that any two particles 
in a set have the same nonzero a, and a = for two particles from different sets. To 
each particle in a theory we associate a value of a, which is the value that occurs in the 
scattering of the particle with itself. For simplicity we consider only theories which have 
only one such set and thus a is the same for any two-particle scattering (and the upper 
indeces of a can be omitted). The scalar function G^^'^\Q) is determined by unitarity 
and crossing symmetry up to CDD factors. It is important here that i,j are invariant 
under charge conjugation. It is also required that Sp'p{Q) should have minimal number of 
poles and overall zeroes in the physical strip, what fixes G^^'^^{Q) completely. An explicit 
expression for G^'^'^^Q) can be found in the Appendix. G^'^'^^{Q) contains the parameters 
Ui, Uj for which 

< Re{ui),Re{uj) < ti/2 , rrii = 2M sm{ui) , mj = 2M sm{uj) , (2.118) 

where M = |l/(2a)|. Consequently, we can assign an angle u to each particle. We shall 
consider only real values of Ui and Uj. 

The supersymmetric factor that describes the scattering of two kinks of equal mass is 

Skk{Q) = i^(e)[cosh(70) - sinh(7e)gigi][cosh(e/4) - sinh(e/4)gig2] , 

where 7 = (log2)/27ri. This factor does not depend on any parameters. The scalar 
function K{Q) is determined by unitarity and crossing symmetry and the condition that 
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Skk{Q) should have a minimal number of poles and zeroes in the physical strip. An 
explicit expression for ^(0) can be found in the Appendix or [Hi]. There is no solution 
of the Yang-Baxter equation for the scattering of kinks of different mass, so all the kinks 
in a theory have to have the same mass. 

The kink-boson-fermion S-matrix factors Spk{Q, «, Ui) and Skp{Q, a, Ui) will be con- 
sidered later. They depend on the a parameter and on the Ui angle parameter of the 
boson-fermion representation. 

The important common feature of these minimal S-matrix factors, including Spx and 
Skp, is that they have no poles and overall zeroes in the physical strip (although they 
can be degenerate at particular values of 9). 

In the light of (12.540 . if it is decided that some particles and their bound states 
transform in the boson-fermion representation of the supersymmetry algebra, then the 
fusion equation (12.1061) can be satisfied only if Spp{iu) is a projection onto the appropriate 
subspace carrying the boson-fermion representation. This is a nontrivial condition on 
Spp{iu), because Spp{Q) is bijective (of rank four) for general general values of 9. The 
other possible way to assure that only boson-fermion states (and no pseudo-boson-fermion 
states) are produced in the fusion is to quotient out the unwanted states by hand. We 
shall consider only the first, more natural possibility. 

S'pp (9) is of rank two if 9 = iu^^ , where 

v!lje{Ui + Uj, TC-Ui + Uj, Ui + TC-Uj}. (2.119) 

Only two of these values can be in the physical strip, and Spp{Q) is nondegenerate at 
other values of 9 in the physical strip. The image space of Spp{iUij) carries the particle 
representation if and only if a < 0, i.e. if a = — 1/(2M). We remark that if a = 1/(2M), 
then the image space carries the pseudo-particle representation. The value of Uk (which 
is the angle parameter of the particle representation carried by the image space) is the 
following: 

Uk = Ui + Uj 
Uk = IT - {Ui + Uj) 
Uk = Ui - Uj 
Uk = Uj - Ui 

The conditions above are sufficient for the existence of unique fusion and decay tensors 
fpp{ui,Uj,Uk,M), dp^{ui,Uj,Uk, M) which satisfy the fusion equation and have the re- 
quired symmetry properties. Explicit expressions for them can be found in [34l [30]. 



if u'^. = Ui + Uj<n/2, (2.120) 

if u'l. = Ui + Uj>n/2, (2.121) 

if u^j = 'K-Ui + Uj , (2.122) 

if u\j = Ui + Tx-Uj . (2.123) 
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We turn to the case of the fusion of two (supersymmetric) kinks of equal mass now. 
Skk is bijective (of rank six) everywhere in the physical strip, so there is no natural 
degeneracy condition on SxKiiu) and no constraint arises on the fusion angle in this 
way, and unique fusion and decay tensors satisfying the fusion equation and having the 
required symmetry properties exist. Consequently, in the light of (12.581) . if one insists 
that no pseudo-particles should be formed in kink fusion, then one has to quotient out 
the unwanted states from the Hilbert-space by hand. Even if states of the form (12.631) 
and (12.641) are quotiented out, kink fusion produces two types of particles corresponding 
to (12.59l) - (12.62l) . i.e. to the | and 01 sectors. The two types of particles will be referred 
to as type | and type 01 particles. 

There are adjacency conditions for particles produced in kink fusion, which follow from 
the adjacency conditions for kinks: type | and type 01 particles cannot be adjacent in 
a multi-particle state, so they cannot scatter on each other. There are also appropriate 
adjacency conditions for kinks and particles. Bootstrap gives the result [33l [34] that the 
two types of particles have the same S-matrix factor which is equal to Spp. Consequently, 
the two types of particles can be identified (which is the same as quotienting out certain 
combinations). If this identification is made, then only the following adjacency condition 
applies: if in a state | . . . KabP ■ . .p. ■ .pK^d- ■ ■) (where p stands for a particle and the 
rapidities are suppressed) there are only particles (at least one) between Kah and Kcd, 
then either 6 = c, or |6 — c| = 1. For adjacent kinks Kab and Kcd the condition b = c 
applies as before. 

The elimination of the pseudo-particle states and the identification of 01 and | states 
as described above is usually done in the literature (e.g. [34l[33]), despite of its unnatural 
character. It is more natural to accept that the fusion of two kinks produces states that 
transform in the two-kink-representations Km \ and recent numerical calculations [95j in 
finite volume for the supersymmetric sine-Gordon model also seem to support this version. 
These calculations suggest that the breathers of the supersymmetric sine-Gordon model 

(2) 

transform in the Km representations. To conform to the literature we shall use the boson- 
fermion representations (i.e. the Pm-s)- Switching to two-kink-representation, however, is 
in most cases straightforward. 

Skk{Q) is bijective (of rank six) everywhere in the physical strip. However, it is 
degenerate at 6 = iivr, and at this point it projects onto the subspace spanned by the 
states (I2T6D - (12781) . 

The supersymmetry factors Spk{Q) and Skp{Q) for the scattering of a particle with 
a < and a kink of mass M = — l/(2a) can be obtained from Skk by bootstrap [33l 134] 
applied to the kink + kink particle vertex. It turns out that Spk{Q) and Skp{Q) are 
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also minimal and have neither poles nor overall zeroes in the physical strip. 

It is expected that a kink is produced in the kink-particle fusion. The transformation 
properties of the kink-particle states discussed earlier show that in this case it is necessary 
that f l2.74p is satisfied. We checked that Spx (and Skp) is bijective (of rank eight) 
everywhere in the physical strip, except when (12.74^ is satisfied. In the latter case it is a 
projection onto the four dimensional kink subspace. The kink + particle — > kink fusion is 
thus possible, and there are no restrictions other than f l2.74p . The kink + particle — ^ kink 
fusion is a crossed version of kink + kink particle fusion. The produced kink is of the 
same mass as the incoming one, so the fusion angle is in the domain [7r/2,7r]. The fusion 
tensor (regarded as a linear mapping) is a projection. 

Finally, there are bootstrap equations for Spp, Skk, Spk, Skp and fpp, dp^, fxK^ 
dp^ 1 Ikp^ ^k^^ fpK^ which were found to be satisfied [HH [30]. The fusion of two 
particles with a < produces a particle with the same value of a. The fusion of two kinks 
of mass M produces a particle with a = — 1/(2M), and if the fusion angle is p, then the 
angle parameter u of the produced particle isM = 7r/2 — p/2. The fusion of a kink of mass 
M and a particle with a = — 1/(2M) produces a kink of mass M. In the diagrammatic 
representation there are essentially two types of vertices: the kink-kink-particle and the 
three-particle vertices. 

To a supersymmetric boson-fermion multiplet Wp{Q) with definite rapidity and mass 
m = 2Mcos(p/2) we assign the following (not ordered) set of rapidities: 



where it is not required that Q±ip/2 be in the physical strip. The elements of the set are 
the rapidities of those kink multiplets which fuse into the boson-fermion multiplet Wp{Q). 
L[Wp{Q)] and M determines Wp{Q) uniquely. The set L[Wk{Q)] = {0} is assigned to 
a kink multiplet Wk{Q)- In terms of these sets the fusion rule of two boson-fermion 
multiplets takes the form 



where 91,62,63 are appropriate complex rapidities. Similarly, the fusion of a kink and 
a particle takes the form 



L[iyp(6)] = {6-zp/2,6 + zp/2} , 



{61, 62} + {63, 61 ±m} 



{62,63} , 



(2.124) 



{61} + {62, 61 ±m} 



{©2}. 



(2.125) 



A kink-kink fusion takes the form 



{61} + {62} ^{61, 62}. 



(2.126) 
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In these fusions the set of rapidities corresponding to the final state is obtained in the 
following way: the disjoint union of the two sets of rapidities corresponding to the fusing 
particles/kinks is formed and the pair of rapidities differing by iivr is deleted (if there 
is any such pair). It is important that we allow here and further on that a set contains 
certain elements several times, i.e. the elements of the sets we consider have multiplicity. 
Such sets denoted by . .] will be used in the boundary well and they will be 

called labeling sets. 

The rules (I2.124p -( [2.126p follow from the fact that Skk is bijective (of rank 6) in the 
physical strip but is of rank 3 at 6 = in. The bijectivity of the fusion tensor /^x' together 
with the bootstrap equations and the symmetry properties of /x/^' implies that a multiplet 
of two-kink-states Wj^(2) (6) has the same scattering and transformation properties as the 
multiplet of two-kink states (/^/f')~^(M/^{2) (O)). Similar statement applies if we use the 
boson-fermion states. The kinks can be considered as elementary states, whereas boson- 
fermions or two-kink-states as composite states (mentioned at the end of Section 12.11) 
constituted by two kinks with fixed rapidity difference. 

In summary, the supersymmetric factors are characterized by a single mass parame- 
ter M which is the common mass of the kinks, and each particle multiplet has a mass 
m < 2M and a parameter < n < 7r/2 so that m = 2Msin(M) (see (j2.118p ). The fusion 
rules satisfy the constraint u^j G {ui + Uj, it — Ui + Uj,Ui + n — Uj} for the fusion angle 
of a partidci + partial ej partidek fusion (this constraint is equivalent to (I2.124p ). 
Uk = tt/2 — for a kinki + kinkj — > partidek fusion (which is equivalent to (I2.126P ). 
and u^j = 7r/2 + Ui for a partide-i + kinkj — > kinkk fusion (this constraint is equivalent 
to (12.1251) ). These constraints are nontrivial, because the fusion angle is not restricted 
kinematically in general by the masses of the fusing particles. The supersymmetric fac- 
tors are Spp{<d,Ui,Uj, M), SxRiQ), SpK^d, M,Ui), SKp{Q,M,Ui) and fpp{ui,Uj,Uk,M), 
d^^{ui,Uj,Uk,M), fKKiuk), d^^iuk), fxpiuj), d^^{uj), fp^iui), d^iui). (Assuming 
that the boson-fermion representation is used, not the two-kink-representation.) 

2.6.5 Supersymmetric reflection matrix factors 

We consider one-particle kink refiection matrix factors Rk on ground state boundary first. 

As the left and right RSOS labels should be conserved, {Rk}k \ (®) — {Rk}k \ (®) — 
must hold, i.e. Rk is diagonal. The general solution of the boundary Yang-Baxter 
equation, unitarity condition and crossing equation without imposing supersymmetry is 
[MliQ] 

{RKfK\{&) = (l + Asinh(e/2))M(e) , 

0^ 
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{i?i,}^'^(0) = (1 - Asinh(e/2))M(e) 

It 



where M(G) is restricted by unitarity and crossing symmetry. After imposing the bound- 
ary supersymmetry condition one finds that in the (+) case [HH [37] 

= = 2-®/(-^)p(e), A = o. 

(A formula for P(9) can be found in the Appendix.) In the (— ) case there are two distinct 
solutions for a given 7 corresponding to the two values of the sign e: 

(0) = (cos l + ei sinh ^)K{Q - ii)K{nx - 6 - 1^)2-®''^^''^ P{Q) , (2.127) 
{^te}?? (0) = (cos I - ez sinh |)ir(e - zO^(^7r - 6 - 202"®/^"'^P(e) , (2.128) 



where 7 = -2a/M cos | and < ^ < tt, M is the kink mass. (12.1271) and (|2.128D are 
invariant under ^ — ^. These reflection amplitudes are minimal, they have no poles 
and zeroes in the physical strip. The sign e seems to have a correspondence here with the 
and 1 RSOS vacua. It should be noted that R^^\Q) is independent of 7. Furthermore, 
as symmetry under Tb requires i?^ ^(9) = Rj^ ^(0), the i?]^ (6) is automatically F^- 
symmetric, although this is not required a priori. On the other hand, -R^g(6) are not 
Fs-symmetric. However, {RKlh<\{'S)) = -{^tel^h©) if 7 = (A ^ 00). We also 

remark that {Rr} k \ {'^)/{Rk}k 1 (Q) determined by the supersymmetry condition, 
i.e. if we impose the condition of invariance under supersymmetry, then we do not need 
to solve the Yang-Baxter equation. 

We determined the general solution of the Yang-Baxter equation for the boundary 
supersymmetric particle reflection matrix factor (on the ground state boundary). We im- 
posed the supersymmetry condition first. The resulting forms of the refiection amplitude 
in the (+) and (— ) cases are 

,(+) 



(X(+)(0) + e7FW(0))c(f - f ) ^Y^+\Q)c{Q) 

v^F(+)(0)c(e) (x(+)(e) - e7r(+)(e))c(f + f ) 



(2.129) 



4-^(6) = z(-)(e)^ 

(x(-)(e) + e7F(-)(e))c(f + f ) iv^r(-)(e)c(e) 

-Zv^F(-)(0)c(e) (X(-)(e) - e7F(-)(0))c(f - f ) 



(2.130) 
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where c stands for cosh and X, Y and Z are functions not determined by supersymmetry. 
Now two cases can be distinguished depending on whether is a symmetry or not: in 
the first case, which is the r^-symmetric case, F(9) = 0, X{Q) can be absorbed into 
the prefactor, and the structure of the reflection amplitude is completely determined and 
does not contain free parameters: 



see also [36l [35], [39] . We checked that the boundary Yang-Baxter equation for incoming 
particles of arbitrary masses is satisfied by this reflection amplitude. R^p^{Q) can also be 
obtained from R^j^\Q) and R^j^\Q) at 7 = by bootstrap [36l l39|. 

In the second case, when is not conserved, Y{Q) is not identically zero, and it can 
be absorbed into the prefactor, so one free function y^'^\Q) = X*^'^)(0)/F'^^)(6) remains 
in the reflection amplitude, which is to be determined by the boundary Yang-Baxter 
equation. To obtain y^'^^Q) we solved the Yang-Baxter equation first in the case when 
the conserved quantum numbers introduced in (|2.108p have the same values for the two 
incoming particles. Although the boundary Yang-Baxter equation is quadratic in general, 
in this case it is inhomogeneous linear in the variables y^'^^Qi) and ?/^^^(92). The coeffi- 
cient of the quadratic term y''^\Qi)y''^\Q2) vanishes precisely because R^p^{Q) satisfies 
the Yang-Baxter equation. The Yang Baxter equation consists of 16 scalar equations in 
our case. Some of them are trivial (0=0), and the remaining n equations are of the form 



It is possible to choose two inequivalent equations from this set. Two such equations can 
be solved for the numbers y^'^^Qi) and ?/^^^(92). The solution turns out to be of the form 
?/(±)(e^) = g'^^\Qi), y^^\Q2) = 9''^\Q2) (for general coefficients dq^, Cg^Jq^; dq^, Cq^, fg^ 
instead of aq^^hq^^Cg^^aq^^hq^^Cq^ it would be of the form y{Qi) = (71(01,02), Z/(02) = 
^72(01, 02), which does not define a function y(0)), where (7^^^ is a function that depends 
also on m, a, 7, but has no other parameters. Consequently, the reflection amplitude de- 
pends on the conserved quantum numbers introduced in f l2.108p through these parameters 
only. We checked that the solution obtained in this way satisfies the other n — 2 equations 
as well. In the next step we checked that the solutions -R^'*e(0) satisfy the Yang-Baxter 
equation for incoming particles of different masses as well. The two functions y^~^\Q) and 
y^~\Q) have very similar form. 




This case is discussed in [35], the explicit form of ZX^'^'^ can be found in the Appendix, 



a. 



-J^n©!, ©2)z/(^n0i) + ^^n©!, ©2)1/(^^02) + H©!, ©2) =0, q = l..n. 
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The solutions that we obtained can be brought to the following form: 



{cosh (I) 



7 

4M 



sm 



=Fzsinh ( — 
' 2 



+ sinh 



AM 



+ 



sm^ f + sinh^ | — 
4/ V 2 



-i cosh ( ^ 



4M 
± sinh 



sm - 



cosh"' ( ^ 



AM 



+ 



sm 



cosh 



B^^\Q) = Z^^\Q)-^^cos{p/2) sinh(e) 



2VM 



where 



2Mcos(^^ 
^2' 



TT 

2 



2M' 



(2.131) 



< p < TT, e = ±1 in the (— ) case and e = 1 in the (+) case. Note that -R^''g depends on 
two parameters: and p only. -Rp2^e has the same structure as the particle reflection 

amplitude obtained in [36] for the case of the boundary supersymmetric sine-Gordon 
model from the kink reflection amplitude by bootstrap. Consequently, there is no need 
now to solve the crossing and unitarity equations for Z*^~)(6), we take it from [36] . We 
determined Z'^^\Q) using the unitarity and crossing equations and exploiting the fact that 
these equations take a similar form for Z^~\Q). Explicit formulae for these prefactors 
can be found in the Appendix. 

In the (+) case we introduce the parameter ^ in the following way: 7 = —2\/Mi sin(,^/2), 
^ G [— vr, tt]. It should be noted, however, that if ^ 7^ 0, then the condition = Qb is 
violated. If we choose ^ so that 7 G M, then, as we can see from the formula for ^(+^(9), 
the condition 5) in Section 12.21 requiring that the poles should be in iM. is not satisfied. 



We also note that if ^ = 0, then R^pl^{Q) = i^pA©)- 

To summarize, we have the supersymmetric refiection matrix factors 



,(+)/ 



4?(0) 

4+Ue,M,p,o 



±1 



(2.132) 



M>0, 0<p<7r, ^G[0,7r], e = ±1 
M>0, 0<p<7r, ^G [-TT, tt], e = 1 
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The same set of kink and particle reflection matrix factors can be obtained by solving 
the Yang-Baxter equations without imposing the boundary supersymmetry condition [38l 
[39l [40| . The supersymmetry condition relates the parameters of the reflection matrix 
factors obtained in this way to the parameters of the representations of the supersymmetry 
algebra. The results described above show that the task of solving the Yang-Baxter 
equations is greatly simplified if one imposes the supersymmetry condition first. 



2.6.6 Properties of the ground state reflection matrix factors 

In this section various important properties of the ground state reflection matrix factors 
are collected. 

R^P2e are not symmetric with respect to F^, R^pi are symmetric with respect to F^. 
R^p^ and R^p2e do not satisfy the Yang-Baxter equation together. It is also important to 
note that lim^^o -R^.e — ^pi- shall assume that 7 7^ when we mention -R^^g- 

The second boundary bootstrap equation applied to the kink + kink — > particle bulk 
fusion determines reflection matrix factors for boson-fermions on ground state boundary. 
They turn out [36l [39] to be the same as those obtainable by solving the boundary Yang- 
Baxter, crossing and unitarity equations. In terms of the reflection matrix factors 

Rk^+Rr^ ^Rpi (2.133) 

and 

+ 4^(0 (2.134) 

with appropriate values of the parameters. Similarly, it can be checked that the second 
boundary bootstrap equation is also satisfied for the partide+partide — > partide, kink + 
partide kink fusions with the refiection matrix factors 

+ Rm ^ Rm (2.135) 

4te(0 + RfliO - 4te(0 (2.136) 

R\P + Rpi ^ Rr'^ (2.137) 
RxliO + R^pUO - ^U(0 (2.138) 

respectively. These relations are nontrivial, although it is clear that they are satisfied up 
to CDD factors. It is remarkable that R^p2e cannot be obtained by bootstrap from kink 
refiection matrix factors, while the other particle refiection matrix factors R^p^ and Rp-]^ 
can be obtained in this way. 

Rj^ (Q) is bijective (of rank two) in the physical strip. {Rk ^i}^ 1 (©) ^ind 

(—) "^^1"' f— ") 

{Rr-Ak ^(0) have a zero at 6 = i^n — ^), so R^ i of rank one at this angle. This 
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Table 2.1: Degeneracy properties of reflection factors 
^K'\^)' bijective (rank two) 

i?^j,(0): degenerate (rank one) at 6 = ^(vr — ^), which is in the physical strip if 

vr > ^ > tt/2. 
R^p^{Q): bijective (rank two) 

i?P2^g(6): degenerate (rank one) at 6 = i(7r — ^±p/2), one or both of these angles can 
be in the physical strip, vr — ^ > p/2 is necessary and sufficient for -R^''g 
not to have any poles in the physical strip. 

i?^^g(6): degenerate (rank one) at 6 = i{7r — ^ ± p/2), 6 = i{7r + ^ ± p/2). Some 
of these angles can be in the physical strip, vr — |^| > p/2 is necessary and 
sufficient for -R^^g not to have any poles in the physical strip. 



zero is in the physical strip if7r>,^>7r/2, any other zeroes of the kink amplitudes are 
outside the physical strip. 

Consequently, the relations i?^^ + i?^'' ^^'^ ^^kI + ^k'I ~^ -^rae together 

with the bijectivity of the kink-kink fusion tensor and Skk imply that R^p-^ is of rank two 
(bijective) and has no poles in the physical strip, and Rp2ei^) ^1^° bijective for generic 
values of 6, but it is of rank one if 9 = ^(vr — ^ ± p/2). It is possible for these angles 
to be in the physical strip and on the imaginary axis, (vr — ,^ — p/2) > —n/2 holds, so if 
(vr — ^ — p/2) is negative, then there is a pole in the physical strip at i(p/2 + ^ — vr) because 
of unitarity. If (vr — ^ — p/2) > 0, then i?^'*g(9) has no poles and zeroes in the physical 
strip, and within the physical strip it is of rank 1 if and only if 6 = z(7r — ± p/2). We 
therefore impose the following condition on ^ : 

vr-^>p/2. (2.139) 

R^p^ is also bijective and has no poles in the physical strip. It can be verified by direct 
calculation that Rp^^i'^) degenerate (of rank two) at 9 = i{TT — ^ ± p/2) and 9 = 
i{TT + ^ ± p/2), therefore the condition (12.1391) reads in this 

7r-|e|>p/2. (2.140) 

(Note that the relation between ^ and 7 is different in the (+) and (— ) cases). 

A particular boundary scattering theory is characterized by the M parameter of the 
underlying bulk theory and by the sign (+) or (— ), and also by the parameters ^ and e. 
Considering the properties of the supersymmetric factors the following three cases can be 
distinguished: 
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1. The boundary co- multiplication is A^, the theory may contain kinks as well as 
particles, the supersymmetric reflection matrix factors on ground state boundary 
are and R^p^ . 

2. The boundary co- multiplication is A^, the theory may contain particles only, the 
supersymmetric reflection matrix factor on ground state boundary is R^p2e- 7 7^ 
is assumed. 

3. The boundary co- multiplication is A^, the theory may contain kinks as well as 
particles, the supersymmetric reflection matrix factors on ground state boundary 
are R^^\ and R^p-]^. In this case we allow 7 = 0. 

4. The boundary co- multiplication is A^, the theory may contain particles only, the 
supersymmetric reflection matrix factor on ground state boundary is Rp^ . In this 
case it is assumed that 7 7^ 0. 

fl2.139p imply that if R^p^2e describes the ground state reflections of the particles in a 
theory (and 7 7^ 0), then 

vr - 1^1 > Pmaxf^ , Pmax = max(pi) , (2.141) 

i 

where i runs over all particles in a particular theory, is necessary and sufficient for all 
Rp2e ^iid R^p2e factors (in a particular theory) not to have poles in the physical strip. 

2.6.7 Higher level supersymmetric boundary states 
Cases 1 and 3 

In case 1. and 3. of Section [2.6.61 the supersymmetric part of any boundary multiplet can 
be labeled as 

Wiu^,U2,...,Un,Bi) (2.142) 

where 

TT > Z/i > Z/2 > ■ ■ ■ > z/„ > (2.143) 

Ui + Uj Vz, j = 1 . . . n, ^ 7^ j . (2.144) 

We assume here and below that z/j 7^ vr — ^ Vi The special situation when tt — ^ is also 
allowed and the situation when equalities are also allowed in ( 12.143p will be discussed 
after the description of the general case. 
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Wli^i, 1^2, ... , I'n, Bi) stands for a linear space which is spanned by the states belonging 
to the (supersymmetric part of the) multiplet, 

V = W{ui, U2,...,Un,Bi) =Wk®Wk^---®Wk^ W{Bi) , (2.145) 

where Wk stands for the internal space of the kink representation of mass M. The second 
equality is, strictly speaking, an equality up to an isomorphism. The space v, taking into 
consideration the kink adjacency conditions, has dimension 

dimv = 2^^/21 . (2.146) 

The representation of on f is 

K{ui, 1/2, ... , ^n, Bi) = KM{ivi) X KM{iv2) X ... X KM{iVn) X Bi . (2.147) 

Strictly speaking, this equality is an equivalence of representations, the intertwining map 
being the isomorphism mentioned above. We assign a labeling set to a boundary multiplet 
in the following way: 

L\W{vi, U2,..., Vn, Bi)] = {iui, iu2, iun} . (2.148) 

The reflection factors on v have no poles and zeroes on the imaginary axis in the 
physical strip if and only if 

Z/i < TT - Pmaxf^ Vi = 1 . . . n . (2.149) 

(Note that p was defined in (I2.13ip .) Let p + v ^ y he a boundary fusion where p is 
either a kink or a particle multiplet with appropriate rapidity and v and y are boundary 
multiplets, L[v] = {ii'i, . . . ,ii^n}. L[y] '^^^ be obtained form L\p] and L[v]: 
If p is a kink multiplet, L[p] = {iw}, and w + Ui n, i = 1 . . .n, then 

{iw} + {iui, iu2, . . . , ii^n} {m, . . . , ii^k, iw, ii^k+i, ii^n] , (2.150) 

if w + z/fe = vr, then 

{iw} + {iui,iu2, iun} {wi, ivk-iA^k+i, iJ^n} ■ (2.151) 

If p is a particle multiplet, L[p] = {iwi, iw2}, and \wi\ > \w2\ and 7^ vr, i = 1 . . .n, 

\w2\ + I'i ^ IT, i = 1 . . .n, then 

{iwi,iw2} + {iui,iu2, . . .,ii^n} {ii^i, . . . ,ii^k,i\wi\,iuk+i, . . . ,m,i\w2\,m+i, . . .,Wn}, 

(2.152) 
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if \wi \ + Uk = TT, \w2\ + Ui IT, i = 1 . . .n, then 

{iwi,iw2} + {zz/i,iz/2, . . . ,zz/„} {iui, . . . Juk-iji^k+i, ■ ■ . ,m,i\w2\,m+i, . . .,ii^n}, 

(2.153) 

if \wi \ + z/i 7^ TT, i = 1 . . .n, \w2\ + vi = then 

{iwi,iw2] + {zz/i,iiz/2, . . . ,zz/„} {iui, . . .,iuk, i\wi\,iuk+i, ■ ■ .,m-i,m+i, . . .,ii^n}, 

(2.154) 

if \wi \ + = TT, \w2\ + ui = TT, then 
{iwi,iw2} + {ii^i,ii^2, ■ ■ -.ivn] ~^ {m, ■ ■ . ,ii^k-i,ii^k+i, ■ ■ .,m-i,m+i, . . .,ii^n}- (2.155) 

In other words, L[y] is obtained in the following way: we form the union b = L[p]\JL[v] 
(the elements may have multiplicities), replace iwi, iw2 by i\wi\, i|w2|7 and remove all 
the pairs of elements z9i, iQ2 satisfying 9i + 62 = re. This rule is analogous to the bulk 
fusion rules, but the amplitudes iQ and —iQ (0 G M) are identified. 

The refiection matrix factor of a particle or kink on the boundary multiplet 
W{ui,U2,...,Un,Bi) is 



Rxwiu^,.,,...,u„,B,)ie) = U,U2 . . . UnRTr^Tn^^ ...T, (2.156) 



where 



Tfc = / (g) ■ ■ ■ ® I ^Sxk{Q - ^z/fc) / ® • • • (8) l ^I (2.157) 

fc— 1 n—k 

R = I^- - j(^l (^Rx{Q) (2.158) 

n 

Uk = I ^ ■ y ® 1 ®Skx{Q + ii^k) ® I ® ■ y I ®I (2.159) 

k—l n—k 

and X stands either for K (kink) or P (particle). A graphical illustration is given in 
Figure [2T6l 

We consider now the special case when kink rapidities i{7i — ^) are also allowed and 
case 3. of Section l2.6.6l applies. The speciality of z(7r— ,^) is that at this rapidity the ground 
state refiection factor R^j^l is degenerate. The rules above are modified in the following 
way: there is no change in the rules for the labeling sets, but if the labeling set contains 
i(vr — L = {ih'i,ih'2, ■ ■ ■ , ^(tt — . . . , iun}, then the linear space of the multiplet is 

denoted as PF(z/i, 1^2, ■ ■ ■ , J^n, -Bo) or Wiui, z/2, . . . , z/„, Bi) and v = W{yi, z/2, . . . , z^„, Bq) = 
Wk^Wk^- ■ -(^WK^WiBo), V = W{ui, z/2, ... , Un, Bi) = Wk^Wk®-- -^WK^WiBi), 
where W{Bq) or W{Bi) is the one-dimensional space spanned by \Bq) or \Bi), which are 
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the boundary states created by the fusion of i^gi (^(vr — ^)) and \Bi) of K^{i{7i — ^)) and 
\Bi), respectively. '0' should be taken in these and the following formulae if e = —1, '1' 
if e = +1. The dimension of v is 21^"/^^"^. W{Bq) or W{Bi) is invariant with respect to 
the action of Ab, the representation on W{Bq) or W{Bi) is denoted by Bq or Bi. The 
representation of Ab on v is K{ivi) x K{iu2) x ■ ■ ■ x K{ivn) x Bq or K{ivi) x K{iv2) x 
• ■ ■ X /r(zz/„) X 5i. The formulae (I2.156I1 - (I2.159I1 apply with the modification that Rx{Q) 
should be replaced by the refiection matrix factor on W{Bq) or W{Bi)^ which can be 
calculated by the bootstrap equation. 

The only modification if equalities between the i/'s (i.e. in (12.1431) ) are also allowed 
is that the labeling sets can contain certain elements with multiplicities greater than 1. 
If z(7r — ^) has multiplicity greater than 1 in the labeling set, then only one copy of it is 
absorbed to form the label Bq or Bi. 

It can be verified that the labeling (12.1421) of the boundary multiplets is unambiguous, 
i.e. if two multiplets have different labels, then they have different transformation and 
scattering properties. This can be seen from the dimensions of the multiplets and from 
the singularity properties of the refiection factors on them. 

It is also possible that (I2.149p is not satisfied for certain bound states, but the poles of 
the supersymmetric refiection factors on them are canceled by zeroes of the corresponding 
non-supersymmetric refiection factor, so the poles of the supersymmetric refiection factors 
do not introduce new singularity. The fusion rules above apply in this well. 
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We remark that the above characterization of the supersymmetric factors for higher 
level boundary bound states can be interpreted as a characterization in terms of 'boundary 
particle groups'. In this interpretation we can say, in particular, that the supersymmetric 
parts of the boundary bound states can be described as supersymmetric boundary particle 
groups in which the boundary is in the ground state. 

We refer the reader to [201 for a detailed justification of the statements in this section. 
Here we remark only that the degeneracy properties of the two-particle S-matrix factors, 
the bulk supersymmetric fusion rules and the degeneracy properties of the one-particle 
ground state reflection matrix factors play very important role. 

It should be noted that we have not assumed particular statistical properties of the 
particles. 

As we mentioned in Section 12.6.41 the boson-fermion representation can be replaced 
by the two-kink-representation without difficulty. 



Cases 2 and 4 

In cases 2. and 4. of Section [2.6.61 the supersymmetric part of any boundary multiplet can 
be labeled as 

W{u^,j^2,...,i^n,B^) (2.160) 

where n is even, 

TT > Z/i > 1/2 > ■ • • > Un-l > 0, iyn> -TT (2.161) 

> Wn\ (2.162) 

J^i + 7^ Vi, j = 1 . . . n, i 7^ J (2.163) 

I/. ^ -zy„ Vi = l...n-1. (2.164) 

We assume here and below that Ui 7^ vr — |,^| Vz. The special situation when tt — |^| is 
also allowed and the situation when equalities are also allowed in (12.1611) . (j2.162p will be 
discussed after the description of the general case. 



V = W{ui, U2,---,i^n,Bi) = Wk^Wk(»---(»Wk® W{Bi) . (2.165) 
The dimension of v is 

dimu = 2^^/21 . (2.166) 

The representation on v is 

K{iyi, z/2, . . . , z/„, Bi) = K{iui) x K{iu2) x ■ ■ • x K{iun) x Bi . (2.167) 
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We assign a labeling set to a boundary multiplet as in the previous section: 

L[W{ui, z/2, . . . , Un, Bi)] = {iui, iu2, ivn} ■ (2.168) 

The reflection factors on v have no poles and zeroes on the imaginary axis in the 
physical strip if and only if (12.149^ is satisfied. 

Let p + f ^ ?/ be a boundary fusion where p is a particle multiplet with appropriate 
rapidity and v and y are boundary multiplets, L[p\ = {iwi, iw2}, L[v] = {ii'i, 11^2, ■ ■ ■ , i^^n}- 
L[y] is obtained in the following way: we form the union b = L[p] U L[v] (the elements 
may have multiplicities), then delete (zero, two or four) elements in a few steps applying 
the following algorithm: 1. if O — O2 = ivr for two elements, then they are removed, 2. the 
sign of any even number of elements of b can be changed freely, 3. sign changes are done 
until no more deletions can be done. Finally if b is not yet of the form (12.160I) - (I2.164I) . 
then we bring it to this form by changing the sign of an even number (usually two) of 
appropriate elements of b. The b obtained in this way equals to L[y]. 

The formulae (I2.156p - (12.1591) apply in this case as well, X should be replaced by P. 

We consider now the special case when kink rapidities i{n — are also allowed and 
case 2. of Section [2.6.61 applies. The speciality of i^n — is related to the degeneracy 
properties of the refiection factor R^p2 ■ The rules above are modified in the following 
way: if the labeling set contains i{n — |^|), i.e. L = {iz/i, iz/2, . . . , ^(vr — \^\) , . . . , iu^} , 
then the linear space of the multiplet is denoted as W{h'i,h'2, ■ ■ ■ ,^n-i, B'l) and v = 

, 1/2, ... , Vn-i) B'l) = Wk ® Wk ® ■ ■ ■ ® Wk ® W^(-Bi ), where Vr(-Bi) is the one- 

2 22 

dimensional space of the boundary state arising in the fusion of a particle composed of 
the kink multiplets K{i{TJ:— \^\) and K{iUn) and \B^). The dimension off is 21^"/^^"^. The 

representation on v is K{iui) x K{iu2) x ■ ■ ■ x K{iun-i) x B'l . The formulae (I2.156p -f l2.159p 

2 

apply with the modification that Rp{Q) should be replaced by the (particle) reflection 

factor on B'l which can be computed using the bootstrap equation. 

2 

The modiflcation in the above rules if equalities between the z/'s (in f l2.16ip . (12.162p ) 

are also allowed is that the labeling sets can contain certain elements with multiplicities 

greater than 1. If z(7r — |,^|) has multiplicity greater than 1 in the labeling set, then only 

one copy of it is absorbed to form the label B'l. If the last element z/„ is negative, it can 

2 

have multiplicity 1 only. 

It can be verified that the labeling (12.1601) of the boundary multiplets is unambiguous, 
i.e. if two multiplets have different labels, then they have different transformation and 
scattering properties. 

The remarks made at the end of the previous section apply to the present section as 
well. 
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We consider now the situation when a boundary state (or multiplet) in the non- 
supersymmetric theory arises as a bound state in more than one way. In this case the 
question that arises is whether the supersymmetric parts obtained by the rules of this 
section give the same result in each way of creating the boundary bound state. In the 
non-supersymmetric theory the diagrams corresponding to the different ways of creation 
can usually be transformed into each other by shifting lines using the bootstrap and Yang- 
Baxter equations and by splitting or merging vertices. It is natural to expect that these 
transformations are usually applicable to the supersymmetric parts as well, and so the 
answer to the question above is positive. This should nevertheless be checked in specific 
models. If the answer is negative, then one has to take direct sums of the multiplets 
(12.1421) or (12.1601) as supersymmetric parts of the boundary multiplets. 



2.7 Examples 

In this section we present examples for the application of the fusion rules written down in 
Section [2. 6. 7[ The sinh-Gordon model and the free particle will be discussed only briefiy, 
restricting mainly to the dimension of the boundary multiplets. The reason for this is that 
in these cases not all the assumptions that we have made are satisfied. The sine-Gordon 
model and the a^^ and a^^^ affine Toda models will be discussed in more detail. 



2.7.1 Boundary sine-Gordon model 

It was argued in [96l [19] that the boundary version of sine-Gordon model which has the 
action 

dt / dx CsG - dt Vb{^b) , (2.169) 

oo J —oo J —oo 

where 

CsG = ^{d,<^r - ^(1 - cos(/?$)) (2.170) 

is the Lagrangian density of the sine-Gordon model, $(x, t) is a real scalar field, P is a 
real dimensionless coupling constant and ^sit) = ^{x,t)\x=o, preserves the integrability 
of the bulk theory if the boundary potential is chosen as 

Vb{<I>b) =Mo(i- cos f |($b - <Po)]] , (2.171) 
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Table 2.2: Fusion rules of the boundary sine-Gordon model 



Initial state 


Particle 


Rapidity 


b inal state 






1 \ 
l^^i, ■■■,n2k) 


s, s 




1 \ 
Fi, ■■■,n2k,n) 






1 \ 

|ni, ...,n2k-i) 


s, s 


iWn 


1 \ 

Fi, ■■■,n2k-i,n} 






Ifii, n2k, n2k+i, ■■■) 


Bn 


Wn-l) 


rii, ...,n2kj,n - I, 




••) 


|ni, ...,n2k-i,n2k, ■■■) 


Bn 


i\{Wi - Vn-l) 


\ni, ...,n2k-ij,n - 


^5 'n2k, ■ 


••) 


\ni, ...,n2k, ■■■) 


Bn 




|ni,...,n2fc + n, ...) 






ni, ...,n2k-i, •••) 


Bn 


il^{W-n2k-i ~^ ^n+n2k-i) 


rii, ...,n2fc-i + n, . 


•) 





where Mq and (^o are free parameters. As a result of the boundary potential the scalar 
field satisfies the boundary condition 

a,$U=o = -Mo^ sin (^^($5-00)^ . (2.172) 

The particle spectrum of the bulk sine-Gordon theory (SG) contains a soliton s and 
an anti-soliton s of mass M and the breathers Bn of mass m„ = 2Msin(M„), where 
Un = vm/(2A), n = 1, . . . , [A], A = || — 1. M can be expressed in terms of P,m. The 
breathers are self-conjugate, and the conjugate of s is s. The fusions (given in the form 
process, (fusion angle)) are the following: s + s ^ Bn, (vr — 2u„); Bn + B^ Bn+m, 
{un + Um) provided n + m < [A]; and the crossed versions of these rules. These rules are 
consistent with the following decomposition (see (I2.10ip ): (s, s) © © ■ ■ ■ © {b[\]), where 
(f , . . . ) denotes the linear space spanned by the vectors f , . . . . One can associate kink 
representations to (s,s) and particle or 'two-kink-representations' with a = — 1/(2M) to 
the breathers (see also (I2.102p ). The labeling sets corresponding to the supersymmetric 
parts Ws, Wn of are L[W,{Q)] = {6}, L[iy„(e)] = {6 + 2(71/2 - n„),e - 

i(7r/2 - Un)}. 

The boundary sine-Gordon model (BSG) has the boundary spectrum containing the 
states n2, . . . , n^), where ni, n2, . . . ,nk are nonnegative integers satisfying the condi- 
tion n/2 > Vn^ > Wn2 > I'm > ■ ■ ■ where z/„ = ///A - M2n+i, w„ = vr - r^/A - U2„_i, 
and < ?7 < |(A + 1) is a boundary parameter which can be expressed in terms of 00, 
Mo, 13, m (see \2Q\). The fusion rules [201 El] are listed in Table [221 

The first and second columns contain the initial boundary state and the incoming bulk 
particle, the fusion angle times i is shown in the third column and the final state is shown 
in the fourth column. 

Because of the presence of the kinks, only the cases 1 and 3 of Section [2.6.61 can apply. 
In the decomposition (12.108^ every subspace is one-dimensional and is spanned by the 
boundary bound states introduced above. 
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The first two lines show that the whole boundary spectrum can be generated by kinks. 
Correspondingly, we associate to the BSG state |ni,n2, . . . the supersymmetric part 
W{h'ni,Wn2, ^n-i, ■ ■ ■ ^^i) (usiug the uotatiou introduced earlier). Now we have to verify 
whether the fusion rules given in the 3-6th lines are also valid for these supersymmetric 
parts. This is easily done using the rules given in Section 12.6.71 Let us consider the 
3rd line first. Let v = iy(z/„,, . . . , w^^^,, i/^^^^^, . . . , 5i ), p = Wp{i\{iJi - Wn^i)) with 
mass parameter and W2k > i^i > Wn~i > i^2k+i and p + v ^ y. In this case L[p] = 
{iui, -iwn-i}, so L[y] = {iu^^,. . . .iwn^^.ii'n^k+i^ ■ ■ ■ ,m,iwn^i}. The 4th line is similar. 
Turning to the 5th line, let v = W{un^, . . . , Wn^,,, ■ ■ ■ , Bi), p = M/p(z|(z/_„2^ - w^+n^J) 
with mass parameter «„, and p + v ^ y. Now L[p] = {iu^n2ki ~'^'^n+n2k} ) and because of 
z/_„2fc + Wn2k = ^ we have L[y] = {ium, • • • , ^"U^n+nafe) • • • }■ The 6th line is similar to the 
5th line. 

Condition (|2.149p is clearly satisfied for all boundary bound states, so the supersym- 
metric factors of the refiection matrix blocks do not have poles on the imaginary axis in 
the physical strip. 

The Lagrangian function and also the one-particle refiection matrix blocks and two- 
particle S-matrix blocks of the BSG model contain two bulk and two boundary parameters. 
A Lagrangian function for the boundary supersymmetric sine-Gordon model was written 
down in [97] (it can also be found in [36]), this Lagrangian function also contains four 
parameters only. The supersymmetric refiection matrix constructed above (and in [36]). 
however, contains the parameter 7 (see (12.991) ) in addition, therefore one can expect that 7 
can be related to the other four parameters. This relation is not yet known. In particular, 
it is not known whether any of the angles z/„ and w„ coincides with vr — ^ or not. The 
supersymmetric transformation and scattering properties and in particular the dimensions 
of the boundary bound state multiplets are modified by such a coincidence. 

We remark that this section confirms the results of [36] . 

2.7.2 Boundary sinh-Gordon model 

The classical equation of motion for the sinh-Gordon field which is a real field, is 

d^<^ - dl<l> + sinh(y2/3$) = , (2.173) 

where m and P are parameters. 

The sinh-Gordon model (ShG) can be restricted to the left half-line —00 < a; < 
without losing integrability by imposing the boundary condition 

9.*lo = 4^(^oe-A*'«>-..e^i*'°''>) , (2.174) 
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Table 2.3: Fusion rules of the boundary sinh-Gordon model 



Initial state 



Particle 



Rapidity 



Final state 



b. 



n 



P 




- f + f ^) 



'n+1 



where eo and ei are two additional parameters [T9l 198]. 

Some quantities of the sinh-Gordon and the boundary sinh-Gordon (BShG) model can 
be obtained from those of the sine-Gordon and boundary sine-Gordon model by analytic 
continuation of their coupling constant /3 to the imaginary axis. 

The particle spectrum of the ShG model contains only one self-conjugate particle P 
with a two-particle S-matrix and reflection matrix that can be obtained from the corre- 
sponding matrices of the first SG breather (-Bi) by the analytic continuation mentioned 
above. The BShG model also contains a series of finitely many boundary bound states 6„ 
found in [25] (see also [Ml)- These states correspond to the BSG states {uq, Wn), n = 1 . . . 
which are precisely those states that can be generated using Bi only. 6o is the ground 
state. The boundary fusion rules are listed in Table 12.31 The parameter r] is determined 
by eo, ei, p. For a more detailed description we refer the reader to [25l 

Some quantities (the Lagrangian densities and the scattering and refiection matrices, 
for example) of the supersymmetric BShG model are also obtained by the analytic con- 
tinuation above [99]. This, however, implies A < and M < 0, m < in the formula 
m = 2Msin(M) for the particle mass, i.e. the values of these parameters are not in the 
range that we have considered. One consequence of this, for example, is that the super- 
symmetric factor of the two-particle S-matrix has a pole in the physical strip (canceled by 
a zero of the non-supersymmetric factor) [99]. Applying the rules of Section [2.6.71 (cases 
1 and 3) formally we can nevertheless obtain supersymmetric parts Wn for the states 6„, 
and corresponding refiection matrix factors. In this way the multiplets Wn turn out to be 
two-dimensional in the supersymmetric BShG model if the value of ^ is generic. 

2.7.3 Free particle on the half-line 

The supersymmetric factors of the scattering and ground state refiection matrices of 
a massive real free boson can be obtained by taking the limit a ^ 0, which implies 
M oo, M — i> 0, p ^ vr; in the (— ) case ^ — vr, Rp2^^ ^pi j ^ind in the (+) case ^ — > 0, 
R^P2f. — > R^pi ■ The same result can be obtained by solving the Yang-Baxter equations. 
Spp is also bijective in the physical strip. 

The dimension of a boundary bound state multiplet created from the ground state in 
n steps will be 2" irrespectively of the particular boundary fusion rules. The refiection 
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matrix factors on the boundary bound states are also free from physical strip poles for any 
values of the fusion angles. However, if some value of the boundary fusion angles occurs 
several times and we take into consideration the statistical properties of the particles, then 
the dimensions of the boundary bound state multiplets are modified. In particular, if all 
the boundary fusion angles are the same (see [Ml), then the all excited boundary bound 
state multiplets are 2-dimensional. This is consistent with the multiplicities obtained by 
taking the zero bulk coupling limit of the boundary sinh-Gordon model. 

The boundary condition for the real scalar field $ of mass m considered in [24] is 

= -mA<l> , 

where A is a coupling constant. The spectrum of boundary states consists of an infinite 
tower of states 6^, n = 1, 2, ... , the boundary fusion rules are P + bn ^ &n+i, and the 
fusion angle is independent of n (P denotes the bulk boson). In this case the dimension 
of the supersymmetric parts of the 6„-s is 2. 



As in |23], only Toda theory will be considered. The classical equation of motion for 
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1 be 

the n-component bosonic field of an ^ Toda theory is 

2 ^ 

dl4> - dlct> + !^ ^a,e^--^ = . (2.175) 



i=0 



The aj, z = 1, . . . , n are the simple roots of the Lie algebra = sl^+i and ao is minus the 
highest root. The coupling constant (3 could be removed from the equations of motion by 
rescaling the field and therefore the coupling constant plays a role only in the quantum 
theory. We shall use the notation 

1 /?2 



B 



2vrl + 



/32 



47r 

It was discovered jlOOl I101| that this equation of motion can be restricted to the left 
half-line x < without losing integrability if one imposes a boundary condition at x = 
of the form 

n 

where the boundary parameters Cj satisfy either 



= , (2.176) 

x=0 



Ci = 0, (z = 0,l,...,n) , 



(2.177) 
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Table 2.4: Fusion rules of the boundary ag^"* 


affine Toda field theory 




Initial state 


Particle 


Rapidity 


inal state 




1 


«| - t^B{2n + 1) 


bn+l,m 




2 


z| - t^B{2m + 1) 


bn,m+l 


b-n,n, <n 


1 


if -zf5(2n + l) 




bn-n, <n 


2 


if -if5(2n + 1) 


^71+1,-71-1 



which is the Neumann boundary condition, or 

Ci = ±l, (z = 0,l,...,n) , (2.178) 
which will be denoted as the (++... — ...) boundary conditions. 

Boundary a^2^ affine Toda field theory 

The bulk spectrum of this model contains two particles 1 and 2 of equal mass mi = m2. 
Their fusion rules are 1 + 1 2 (vr/S) and 2 + 2 — ^ 1 (vr/3). The anti-particle of 1 is 
2. These rules are easily seen to be consistent with the decomposition (see (I2.10ip ) con- 
sisting of a single term (1, 2) and with associating supersymmetric particle representation 
to (1,2) with a = -1/(2M), mi = ma = 2Msin(7r/3) [34]. The labeling set for the 
supersymmetric part of 1 and 2 denoted by Wu is L[iyi2(6)] = {6-^,6 + ^}. M is 
determined by P and m. 

The boundary version of this model with any of the solitonic boundary conditions 

(H ), ( — I — ) or ( h) contains the boundary states bn,m for all n,m G Z, n + m > 0, 

~Jb ~i^'"''''^^2^ + l' states and for all n G Z, < 2^ + |, as 

described in [2^. We consider only generic values of B and only the domain < i? < 1, 
as in [23]. 60,0 is the ground state. The fusion rules are shown in Table EIH 

The decomposition (12.108p is ®n,m{bn,m,bm,n) , where n > m. The supersymmetric 
part associated to (6„,m, bm,n) is denoted by Wn,m- We assume, for the sake of simplicity, 
that the cases 1 and 3 of Section [2.6.61 apply. It is straightforward to verify that the fusion 
rules above imply that the labeling sets L[Wn,m] are the following: 

L[Wr.,m] = Abs{^i^ - ^5(2j + 1)), z(^5(2j + 1)), z(^ - ^5(2/ + 1)), 

i(-fi(2/ + l))|j = 0...n-l, / = 0...m-l} if n,m>0, (2.179) 



L[Wr^..n\ = Abs{ii— - -B{2j + 1)), i{- - -B{2j + 1)) | j = . . . n - 1} (2.180) 
3 o 3 o 



2.7.4. BOUNDARY AFFINE TODA FIELD THEORIES 



85 



L[Wn,m] = Abs{t{'^-^B{2j + l)), z(^-^fi(2/+l)), z(^S(2r+l)) | j = . . . (-m-1), 
-3d -3d d 

I = 0...n-l, r = {-m) ...n-1} if m<0, (2.181) 

where Abs{ix) = i\x\ if x G R, and the hmit for the running variables given on the left- 
hand side of the dots is always assumed to be lower than or equal to the limit given on the 
right-hand side, if this condition is not satisfied, then the set of allowed values is empty. 
These conventions apply below as well. The dimension of Wn^m is 2"+™ if n, m > and 
2" if m < 0, provided that there is no coincidence between n — C^ and the rapidities above. 
71" — Pmaxf^ = 57r/6, SO couditiou (I2.149P is satisfied and the supersymmetric refiection 
matrix factors do not have poles on the imaginary axis in the physical strip. 

Boundary a^^^ afflne Toda field theory 

The bulk spectrum of this model contains four particles 1, 2, 3, 4 of mass mi = m4 = 
2Msin(7r/5), m2 = = 2M sin(27r/5). The fusion rules are a + b —>■ c, where either 
c = a + boTC = a + b — 5. The corresponding fusion angles are |(a + 6) if c = a + b 
and f (10 — a — b) ifc = a + 6 — 5. The anti-particle of 1 and 2 is 4 and 3. These 
rules are easily seen to be consistent with the decomposition (see (12.10ip ) (1,4) © (2,3) 
and with associating supersymmetric particle representations to (1,4) and (2,3) with 
a = — 1/(2M) [34]. The labeling sets corresponding to the supersymmetric parts of (1,4) 
and (2,3) denoted by Wi^ and 1^23 are ^[1^14(6)] = {6 - iff, 6 + iff}, ^[^23(0)] = 

The boundary version of this model described in [23] has two classes of inequivalent 
solitonic boundary conditions to which different boundary spectra belong. The first class 

contains the boundary conditions ( — h + H — ), (+ + H ), (+H h), ( !" + +) and 

(H the second class contains the boundary conditions ( — hH h), ( — I 

(+ + - + -),(- + ),(+- + + -), (+- + -+),(-- + --),( + -), 

( +) and (+ ). 

If the boundary condition belongs to the first class, then there are the boundary states 
&n2,n3, n2,n3 G Z, ^2 + > 0, -j^ - ^ < < + ^ , and 6„ _„ and for all 

ueZ, 0<n<^ + ^, where -B is a parameter of the bulk model. Generic values of B 
are considered in the domain < -B < 1. The fusion rules, which are analogous to those 
of the a^2^ model, are listed in Table [2751 

The decomposition (12.1081) is ©n2,n3(&n2,n3, bn3.n2), where n2 > n^. The supersymmetric 
part associated to {bn2,nz,bn-j,.n2) is denoted by Wn2,n-i- Again, we assume for the sake of 
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Table 2.5: Fusion rules of the 04^"* affine Toda field theory with first class boundary 
conditions 

Initial state Particle Rapidity Final state 

^n2,n3 2 — ij^B{2n2 + 1) 6„2+l,n3 

6-„,n, 0<n 1 ll-lf^B{2n+l) &-n-l,n+l 
fcn,-n, < ^ 4 if -if^E(2n+ 1) 

simplicity that the cases 1 and 3 of Section 12.6.61 apply. We have 
L[Wn,,n,] = Abs{ti^ - ^5(2j + 1)), ^i^Bi2J + 1)), ^(^ - ^fi(2/ + 1)), 

i{^B{2l + l))\j = 0...n2- 1,1 = 0... 713-1} if n2,n3>0, (2.182) 

47r IT 71 71 

L[Wn,-n\=Abs{ti—--B{2j + l)), ^(---5(2j + l))|j = 0...n-l}, (2.183) 

AtT 71 7T 71 TT 

L[iy„„„3] = Abs{t{— - -B{2j + 1)), z{- - -5(2/ + 1)), z{-B{2r + 1)) | 

j = . . . (-723 - 1), / = . . . ^2 - 1, r = -^3 . . . 722 - 1} if 723 < 0. (2.184) 

The dimension of Wn2,n3 is 2"2+"3 if 722,223 > and 2"^ if 223 < 0, provided that there 
is no coincidence between 2(7r — ^) and the rapidities above. 

If B is sufficiently small, then _i, W2-2, ■ ■ ■ violate condition (12.1491) . so the super- 
symmetric factor of the refiection matrix of particle 1 on these states have poles on the 
imaginary axis in the physical strip. 

If the boundary condition belongs to the second class, then there are the boundary 

states 6ni,n2,n3,n4, "'^1 , '"'2 , "'^3, "^4 G Z, 22i + 222 > 0, 222 + 223 > 0, 223 + 224 > 0. The grOUud 

state is &o,o,o,o- The fusion rules are listed in Table \2M 

The decomposition (]2. 108J) is ©njjn2,n3,ra4(^ni,n2,n,3,n4; ^n4,n2,n3,nu ^ni,n3,n2,n4! ^n4,n3,n2,ni), 

where 221 < 224, 222 > ^3, and bk^i^m,n = if the condition A; + / > and Z + 222 > and 
272 + 22 > is not satisfied. The supersymmetric part associated to &ni,n2,n3,n4 is denoted 
by W^ni,n2,n3,n4- Assumiug, for the sake of simplicity, that the cases 1 and 3 of Section 
12.6.61 apply, using our rules we get 

L[Wn,,n2,n„n,] = Abs{ti^ - ^i?(2/i + 1)), 2(^ + ^i?(2/i + 1)), 2(|^ - ^5(2/4 + 1)), 

2(^ + ^B{2U + 1)), - ^B{2l2 + 1)), ^(^5(2/2 + 1)), - ^B{2k + 1)), 

2(^5(2/3 + 1)) I /i = 0...22i-l} if 22i,222,223,224 >0 , (2.185) 



2.8. DISCUSSION 



87 



Table 2.6: Fusion rules of the a^^^ aflfine Toda field theory with second class boundary 
conditions 



Initial state Particle Rapidity Final state 





1 


2f^- 2^5(2771 + 1) 


^ni+l,n2,n3,n4 


^ni,n2,n3,n4 


2 


2f^- 2^^5(2772 + 1) 


h 

"ni,n2+l,n3,n4 


b 

"ni,n2,n3,n4 


3 


10 ''io-^l^"'3 T -l; 


b ^1 

"ni,n2,n3+l,n4 


^ni,n2,n3,n4 


4 


2f^- 2^^5(2724 + 1) 


^ni,n2,n3,n4+l 


n2,n2,n3,n4 1 U _ ^2 


1 


^if - ^B^(2'^2 + 1) 


0— 712 — 1,712 + 1,113, n4 


^7ii,n2,n3,— n3 ) ^ 723 


4 


^Stt _ iJLB{2n-^ + 1) 

10 ""lo V^"^o T -l; 


bTii, 712, 713 + 1,713 — ! 


TT 

-^[^ni,n2,n3,n4] = 




1)), ^(^5(2/3 + 1)), 2(|^- 




TT TT 

^5 10 ^ 




-^5(2ji + l)), 2(^5(2j2 + 


-1)), 


2(---5(2j3 + l))|/3 = 0...n3 
5 10 


- 1, /4 = 0. . .724 - 1, j2 = 


. . .722 - 1, 


jl = . . . (-721 - 


1), J3 = -ni 


...772 — 1} if 723, 724, 772 > 0, 77i < , (2.186) 


TT 

i^[W^ni,n2,n3,n4] = Abs{i — 


5(2/1 + 1), z( 


^-^5(2/1 + 1)), 2^5(2/4 + 1), 


,611 71 , , ,71 

i{ 524 + 1 , i(- 

4o 10 ^ ^5 


-^5(2/2 + 1)), 2^5(2/2 + 1), 


z(-- -5(2/2 + 1)), 


z-5(2/2 + 1) 


|/l = 0...(-72i - 1), /4 = 0. 


. . (-724 - 1), 


^2 = 


-Til ... 772 - 1 


, ^3 = -724. . .723 - 1} if 72i 


,724 <0. (2.187) 



The dimension of iy„i,n2,n3,n4 is 2"i+"2+n3+n4 if m, 222, 723, ^24 > 0, 2"2+«a+"4 if m < 0, 
77,2, 723, 724 > and 2"2+"3 if 721, 724 < provided that there is no coincidence between vr — ^ 
and the rapidities above. Condition (12.1491) is satisfied in this case, so the supersymmetric 
factors of the refiection matrix blocks do not have poles on the imaginary axis in the 
physical strip. 

2.8 Discussion 

We studied the boundary supersymmetric bootstrap programme in a special framework 
in which the blocks of the full two-particle S-matrix and the blocks of the full one-particle 
refiection matrix take a factorized form. We assumed that the ground state is a sin- 
glet with RSOS label | and the bulk particles transform in the kink and boson-fermion 
representations. 
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We introduced the boundary supersymmetry algebra in the framework proposed by 
[l9l SH], which requires that the boundary supersymmetry algebra be a co-ideal of the 
bulk supersymmetry algebra. It is a remarkable feature of the boundary supersymmetry 
algebra that it admits essentially two possible boundary co-multiplications — the corre- 
sponding two cases are denoted by (+) and (— ). The two co-multiplications lead to dif- 
ferent supersymmetric ground state reflection matrix factors. We found that these factors 
are essentially the same as those given in [38l[39l|40]. Although the two co- multiplications 
appear to play symmetric role algebraically, the corresponding kink reflection matrix fac- 
tors turn out to be significantly different. A further important difference between the two 
cases is that in the (+) case the boson-fermion reflection matrix factor can be obtained by 
bootstrap from the kink reflection matrix factor only at special values of its parameters 
[39] . We also found that the kink and boson-fermion reflection factors can be degenerate 
at particular rapidities depending on a parameter 7 of the ground state representation. 

We presented supersymmetric boundary fusion rules by which the representations and 
reflection matrix factors for excited boundary bound states can be easily determined in 
specific models. The main difficulty of the problem of finding such rules is to handle the 
degeneracies of the boundary fusion tensors that occur at particular rapidities (resulting 
from the degeneracies of the one-particle refiection matrix factors). These degeneracies 
are closely related to the degeneracies of the bulk two-particle S-matrix factors and of the 
ground state one-particle refiection matrix factors. We found that the boundary fusion 
rules are analogous to the bulk rules of [HH [30], and that it is useful to characterize the 
boson-fermion multiplets by their constituent kinks. The kink representation appears to 
be an elementary object. 

For the sake of simplicity we assumed that the two-particle S-matrix factors and 
ground state refiection matrix factors have no poles and overall zeroes on the imaginary 
axis in the physical strip and there is no interplay between the poles and zeroes of the 
supersymmetric and non-supersymmetric factors of the S-matrix and refiection matrix. 
We found, regarding the boundary part, that the main restriction on the applicability of 
the described framework follows from this condition. 

We applied our rules to the sine-Gordon model, to the a^2^ and 04^"* affine Toda field 
theories, to the free particle and to the sinh-Gordon model. We found that in the case of 
the 04^'* model with first class boundary condition the supersymmetric refiection matrix 
factors on some excited boundary states have poles in the physical strip. 



It is a further problem to consider the axioms in 10) of Section [2?2l Initial steps in this 
direction were made in [35]. The possible Coleman-Thun diagrams could be considered 
as well, although we think that it is less likely that they yield further constraints. Writing 
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down formulae for the fusion and decay tensors is also a task for the future. 

At the present stage it is an open problem to tell how large class of non-supersymmetric 
theories can be supersymmetrized under the assumption that the bulk particles transform 
in the kink and boson-fermion representation and the ground state is a singlet with label 
1/2, and, generally, how uniquely supersymmetric theories are characterized by the one- 
particle representations and the ground state representation occurring in them. 

In general, representations beyond the kink and boson-fermion for the bulk particles 
and other (possibly non-singiet) ground state representations are also relevant to some 
models. We think that at least two lessons can be learned from our investigation which are 
relevant for cases with other representations: the first one is that the degeneracy properties 
of the supersymmetric ground state reflection matrix factor and the supersymmetric two- 
particle S-matrix factor have very important role in the fusion rules, the second one is 
that one should find 'elementary' representations for which the mentioned degeneracies 
show a simple pattern and from which one can build the other representations of interest 
by multiplication. 



2.9 Appendix 



X 



where Ai = {ui + Uj)/{27r), A2 = {ui - Uj)/{27r). 



1 ~ r(fc - i + ^)r(A; - 



m) = n 



k=l 



r(k 



2^1)^(^+4 2^i) 



{e ^ -6} 



where m = 2Mcos(f), < p < tt, M = -l/a. 
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z^-\e) = x(2e)2-®/(^'^)F(e - ip/2)F(e + ip/2) 
F{e)^p{e)K{e + iOK{e-iO , 



where 7 = — 2-\/Mcos |. 



zx^-\q) = v^z(-)(e)^(cos(p/2) -cosh(e)) , 

V2 



where ^ — n. 



z^+\e) = ix(2e)2-®/(^'^)F(e - ip/2)F{e + ip/2)u{e) 
F{e)^p{e)K{e + iOK{e-iO , 



where 7 = -2VMi sin(^/2), 

u{Q) = /(e)//(-e) 
f/(ie) _ _cos(e) -cos(p/2) 

U{iQ - in) ~ ^cos(e) + cos(p/2) 



Chapter 3 



Truncation effects in the boundary 
flows of the Ising model on a strip 

3.1 On the definition of field theories on the strip 

By quantum field theory on the strip [0, L] x M we generally mean a collection of the 
following elements: a Hilbert space I-Lb of states, a Hamiltonian operator Hb acting on 
the Hilbert space, a set of fields which satisfy the time evolution equation 

$s(a;, t) = exp{iHBt)^B{x, 0) exp{-iHBt) , (3.1) 

a set of fields 4>B{t, 0) defined on the left boundary {0} xM which satisfy the time evolution 
equation 

0b(O, t) = exp(«/JBt)0B(O, 0) cxp{-iHBt) (3.2) 

and a set of fields ^^(t, L) defined on the right boundary {L} x M which satisfy the time 
evolution equation 

t) = exp{iHBt)<PB{L: 0) exp{-iHBt) . (3.3) 

The factor [0, L] in [0, L] x M represents the space, M represents the time. Fields defined 
on one of the boundaries only are often called boundary fields. We assume that the strip 
[0, L] X R is equipped with Minkowski metric. 

New boundary theories can be obtained from old ones by perturbing the Hamiltonian 
operator: 

Hb^Hb + Hi^b , (3.4) 
where the perturbation Hj^b is often a sum of various kinds of terms. A bulk term in the 
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perturbation takes the form 

Hi,B = gi [ dx ^b{x,0) , (3.5) 
Jo 

a boundary perturbation takes the form 

Hi,B = g2i^B{L, 0) or Hi^B = 93i^B{0, 0) , (3.6) 

where \1/B(x,t), ipB{L,t) and ?/'B(0,t) are certain fields of the unperturbed theory and 
91,92,93 are coupling constants. 

The fields of the perturbed theory, which are distinguished by a hat, are defined by 
the equations 

$b(x, t) = exp{iHBt)^B{x, 0) exp{-iHBt) (3.7) 
0b(O, t) = exp(«i^Bt)0B(O, 0) exp{-tHBt) (3.8) 
ML, t) = exp{tHBt)ML, 0) exp{-tHBt) . (3.9) 

In particular, 

$b(x,0) = $b(x,0) , 0b(O,O) = 0b(O,O) , ML,0) = ML,0) . (3.10) 

The calculations of Section [331 are done in this perturbed Hamiltonian operator frame- 
work. 

We remark that to define a quantum (and classical) field theory on a strip it is usual 
in the literature to take a classical Lagrangian function of the form 

^= Cbuik{x) dx + Cb,i{^ = 0) + jCb,2{x = L) , (3.11) 
Jo 

which contains a bulk term and boundary terms (the notation of the dependence of Cbuik, 
Cb,i and Cb,2 on the fields is suppressed). The classical equations of motion are derived 
from (13.1ip via a variational principle. These equations of motion usually consist of bulk 
partial differential equations and certain boundary conditions. Finally a quantization is 
carried out (see for example [T9l [66l [17] ). 

It is also possible to remain in the framework of the standard Lagrangian formalism 
without boundaries on the full Minkowski space, in this case the presence of boundaries 
is taken into consideration in the Lagrangian function by step functions and Dirac-deltas 
(see |102) ). One can also start with a classical Hamiltonian function (see e.g. |103l 1104] ) 
instead of a Lagrangian function. 

Boundary conditions usually play an important role in the literature in the definition 
of boundary field theories. 
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We remark finally that as far as we know, a complete, systematic and definitive dis- 
cussion of the definition and basic formalism of classical and quantum field theory with 
boundaries cannot be found in the literature. 



3.2 Unitary representations of the Virasoro algebra 

The Virasoro algebra with central charge c is generated by the elements L„, n G Z and 
the identity element / and the relations 

[Ln, Lm] = (n - m)Ln+m + ^2 ''^^ ~ n)Sn+m,oI ■ (3.12) 

A unitary highest weight representation is characterized by the following properties: there 
exists a unitary highest weight vector \h) which satisfies the relations 

Ln\h) = Vn > (3.13) 

Lo\h) = h\h) , (3.14) 
and the scalar product is related to the generators by the following relation: 

Li = . (3.15) 

A highest weight unitary representation M(c, h) is uniquely specified by the numbers c 
and h. h is called the weight of the representation. The positive definiteness of the scalar 
product and the above requirements do not permit any values for (c, h) . For < c < 1 
only the following discrete set is allowed: 

c(m) = 1 r^—T (3.16) 

^ ^ m(m + l) ^ ^ 

[(m + l)p-mq]'-l 
^P'^^"^)- 4m(m + l) ^^-^^^ 

where m,p,q are integers, m = 2,3,4,5,6,..., 1 < p < m, 1 < q < m + 1. The 
pair of numbers (p, q) is called Kac-label. Each weight appears twice since h{p, q) = 
h{m — p,m + 1 — q). 

We restrict to conformal field theories the Hilbert space of which is a finite sum 
TC = ©jM(c, hi), where (c, hi) belongs to the above discrete series. 

A construction for these representations is the following: we take a vector \h) with the 
properties {h\h) = 1, fl3.13p . (13.141) . and we take the vectors 

L_„^L_„2 . . .L_„J/i) ni > >■■■> rife > (3.18) 
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which are assumed to be linearly independent. These vectors (including \h)) form a basis 
of a representation V{c, h) of the Virasoro algebra. They are also eigenvectors of Lq with 
eigenvalue 

h + nl + n2^ . (3.19) 

We say that the level of the vector L_n^L_n^ . . . L_njh) is ni + ^2 + ■ — \- n^. The space 
spanned by the eigenvectors of level i is denoted by Vi{c, h). V{c, h) can be written as 

V(c,/i) = ©^o^i(c,/i) . (3.20) 

A unique scalar product is determined on the representation V{c,h) by (13.131) . (13.141) . 
(I3.15P and f l3.12p . in particular the scalar product of any two basis vectors can be cal- 
culated recursively using these formulae. The strategy for this calculation is to use the 
commutation relations ( 13.120 to move L-s with positive index to the right and L-s with 
negative index to the left. This scalar product is not guaranteed to be positive definite for 
general values of (c, h). For the above discrete values of (c, h) it is positive semidefinite, 
there is a unique maximal subspace V^™"(c, h) which is orthogonal to the whole V{c, h). 
(c,/i) decomposes as 

\/"«"(c, h) = ®T=^Vr'\c, h) (3.21) 

where 1/"""(c, h) = may hold for some values of i. The unitary irreducible representation 
M(c, h) is obtained by quotienting out y"""(c, h), 

M{c, h) = V{c, h)/V-^"{c, h) = (BT=o h)/Vr\c, h)) . (3.22) 

The corresponding projection is denoted by q : V{c, h) M{c, h). The scalar product on 
M{c,h) is defined in the standard way, i.e. by the requirement that {v\w) = {q{v)\q{w)) . 



3.2.1 Primary fields 

A (chiral) Virasoro primary field of weight / is a field ^{z), z E C that satisfies the 
property 

[L^, ^z)] = l{m + l)z"'^z) + z""^ -Q^i^) ■ (3.23) 
The matrix elements of a primary field satisfy the relation 

i^imm-^^, (3.24) 

where / is the weight of ^{z), \A) and \B) are eigenvectors of Lq with eigenvalues /i^, ^s- 
Equations ^A^, ^M), (E23D, determine ^,^]ltml) ™iquely, 

where \A), \B) are vectors of the form (13.18p with hi and h2, respectively. It is assumed 
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here that (/ii|$(l)|/i2) ^ 0, if (/ii|<l>(l)|/;.2) = 0, then = V |A) G V{c,hi), 

\B) E V{c, h2). (fe^[^(i)[fj) can be calculated recursively using the equations (I3.13p . (I3.14p . 
(13 .15^ . (13 .12^ . (|3.23l) . (13.241) . the strategy of the calculation being again to use (13.121) and 
( I3.23P to move L-s with positive index to the right and L-s with negative index to the 
left. 

Although the matrix elements "(/^7|§(Y)|^ ? where 1^4) G V{c,hi), \B) G V{c,h2), are 
determined uniquely, they determine the matrix elements ^'^(felj^(i)jfe^^"^''^ unambiguously 
only if = whenever \A) G 1/"""(c,/ii) or \B) G ^"""(Cj/is). This condition 

restricts the value of / if c,hi,h2 are fixed. If / has other value, then (y4|$(l)|i?) = 
V \A) G M{c,hi) and \B) G M(c,/i2). 

The permitted values of I are given by the Verlinde fusion rule. If hi = hr^s{m) and 
^2 = hp n{m), then the permitted values are hkj{m), where the numbers k and j take the 
values given by the following equations: 

k = 1 + \r — p\ ... kmax, k + r + p = 1 mod 2 (3.25) 

j = 1 + \s - n\ ... jmax, j + s + n = 1 mod 2 (3.26) 

kmax = min{r + p — 1, 2m — 1 — r — p) (3.27) 

jmax = min{s + n — 1, 2m + 1 — s — n) . (3.28) 

It is usual to write the Verlinde fusion rules as 

haim) X hb{m) = ^nlf,hc{m), (3.29) 

c 

where the Verlinde fusion numbers n^^ are either or 1; a, 6, c stand for Kac labels, e.g. 
a = (r, s), b = {p,n), c = {k,j). The summation is done over the possible Kac labels 
modulo the relation {p,q) ~ (m — p, m + 1 — g). The values of c for which n^f^ is 1 are 
determined by (13:251) - ([3:281) . 

We refer the reader to the literature on conformal field theory (e.g. [73]) for the de- 
scription of descendant fields. 

3.2.2 c=l/2 

The value of the central charge that is relevant for the model p.2p is c = 1/2, this 
corresponds to m = 3. The values of the weights /ip,g(3) are 



/ii,i(3) = /ii,2(3) = 1/16 /ii,3(3) = 1/2 (3.30) 

/i2,i(3) = 1/2 /i2,2(3) = 1/16 /i2,3(3) = , (3.31) 
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Table 3.1: Dimensions of levels of c = 1/2 unitary representations of the Virasoro algebra 





Level 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


h = 





dimension 


1 





1 


1 


2 


2 


3 


3 


5 


5 


7 


8 


11 


12 


16 


18 


h = 


1/2 


dimension 


1 


1 


1 


1 


2 


2 


3 


4 


5 


6 


8 


9 


12 


14 


17 


20 


h = 


1/16 


dimension 


1 


1 


1 


2 


2 


3 


4 


5 


6 


8 


10 


12 


15 


18 


22 


27 



i.e. there are three different unitary highest weight representations of the Virasoro algebra, 
the weights of these representations are 0, 1/2, 1/16. The dimensions of the subspaces of 
definite level of these representations are listed in Table [3TT] (taken from [46]) up to level 
15. 

The fusion rule (I3.25l) - (l3.28p written in the usual form is 

x = x 1/2 = 1/2 x 1/16 = 1/16 (3.32) 
1/2x1/2 = 1/2x1/16 = 1/16 1/16x1/16 = + 1/2 (3.33) 

in this case. 



3.3 Conformal field theory on the strip 

In this section we discuss some basic properties of boundary conformal field theory on the 
strip [0, L] X R. We restrict to those elements which are necessary for our work. 

The Hilbert space is a sum of irreducible unitary highest weight representations of 
the Virasoro algebra (13.121) with common central charge c. We restrict to the cases when 
the Hilbert space is a finite sum of the Virasoro algebra representations belonging to the 
unitary minimal series described in Section (|3.2p . 

The Hamiltonian operator of the theory is jLq, where Lq is the Lq element of the 
Virasoro algebra. A term proportional to the identity operator may also be added. 

One can have right and left moving primary fields ^ji{x,t), $L(x,t) which depend 
only on t — X or t + X, respectively, and satisfy the equations 

[L„, ^r{x, t)] = D„(/)$^(x, t) (3.34) 
[L,,$i(x,t)] = D„(/)$i(a;,t) . (3.35) 

/ is the weight of these fields, and Dn{l) and /)„(/) are operators on functions on the strip: 

= Z!:^e^¥(*-)9_ + /ne^^(*-^) (3.36) 
zn 

D^[l) = ZlLe^Ti^+-)d+ + /ne^^(*+^) , (3.37) 
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where d- = dt — dx, d+ = dt + d^. 

A boundary primary field of weiglit / on the left boundary is a field $^(0,^) that is 
defined on the left boundary and satisfies 

[L„, $b(0, t)] = (/)$b(0, t) = f^e'^^'dt + /ne*^*]<l>B(0, t) . (3.38) 

vr 

Similarly, a boundary primary field of weight / on the right boundary is a field $b(L, t) 
that is defined on the right boundary and satisfies 

$s(L, t)] = D^msiL, t) = {-lYflLe^-r^dt + Zne^^*]<l>B(L, t) . (3.39) 

TT 

The restriction of left or right moving primary fields of weight I to any one of the 
boundaries will be boundary fields of weight /. 

Dn{l), £>„(/), Dl{l) and i:'^(/) satisfy the identities 

[/}„,(/), D„(/)] =0 (3.40) 

[Dn{l), D„M = -{n- m)Dn+mil) (3.41) 

[Dnil), D^il)] = -{n- m)Dn+m{l) (3.42) 

[D°(/), Dlil)] = -(n - m)D°^„(/) (3.43) 

[D^{1), = -in - m)Dl^^^{l) (3.44) 

which are compatible with ( 13121 ) and (ICTll . ((SJSl), ([SJH]), f ICTD . 

The matrix elements of the right and left moving primary fields and boundary primary 
fields of weight / satisfy the equations 



{A\^R{x,t)\B) 


= (A|$fi(0,0)|5) exp[(/i^- 


/is) 


in , , , 
.-(t-x)] 


(3.45) 


{A\^L{x,t)\B) 


= (v4|$i(0,0)|5) exp[(/iA- 


hs) 


-(t + x)] 


(3.46) 


{A\^B{Q,t)\B) 


= (A|$B(0,0)|5)exp[(/iA- 


hs] 




(3.47) 


{A\^B{L,t)\B) 


= (A|$b(L, 0)|E)exp[(/iA- 


- hs 




(3.48) 



where \A) and \B) are eigenstates of Lq with eigenvalues /lyi and hs. 

Introducing the new variables z = e^T^^~^\ z = e^T^^+^\ y = e*^* and the operators 

and allowing z, z and y to take any values from C, we have 

[L„, ^^n{z)\ = {z^+'d, + l{n + 1)z^)^r{z) (3.49) 

^Liz)] = {z'^+^d, + l{n + 1)^")<Il(^) (3.50) 

[L„, I>b(0, y)] = (2/"+^9, + /(n + l)y")<l>B(0, y) (3.51) 

[L„,<l>B(i:,y)] = (-l)"r+^9, + /(n + l)y"]<lB(i:,Z/) (3.52) 
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{A\^r{z)\B) = {A\^r{1)\B)z'^^-'^'^-' (3.53) 

{A\^l{z)\B) = {A\^l{1)\B)z''^-^^-' (3.54) 

{A\^BiO,y)\B) = (A||.b(0,1)|5)/--^-~' (3.55) 

{A\^BiL,y)\B) = {A\^b{L, l)\B)y'^--'--^ , (3.56) 



which are the standard formulae for chiral primary fields in conformal field theory. 

3.3.1 Boundary conditions of the minimal models 

Certain conformal field theories on the strip can be obtained by imposing so called confor- 
mal boundary conditions on conformal minimal models. J. Cardy investigated this con- 
struction and introduced a certain type of elementary boundary conditions often called 
'Cardy boundary conditions'. A complete classification of possible Cardy boundary con- 
ditions of minimal models has been given in [83l [HI [85]; see also |86]. For the A-type 
unitary minimal models these boundary conditions are in one-one correspondence with 
the irreducible representations of the Virasoro algebra belonging to the unitary discrete 
series and so we can label both boundary conditions and representations from the same 
set, e.g. the set of Kac labels. 

The Hilbert space of a model with boundary condition a on the left-hand side and 
boundary condition j3 on the right-hand side decomposes into the following sum of Vira- 
soro algebra representations: 

Hap = ©c n^caRc (3.57) 

where nf^ are Verlinde fusion numbers (see Section [3.2. II) . Rc denotes the representation 
belonging to the label c. 

In particular, if the boundary condition is on one side and h on the other side, then 
the Hilbert space will consist of the single representation Ox h = h. The possible primary 
boundary fields are h x h. In the case that we will investigate c = 1/2, h = 1/16, and 
we have 1/16 x 1/16 = + 1/2, i.e. two nonzero boundary primary fields exist (up to 
normalization), one has weight (this is the constant identity field), the other has weight 
1/2. 

The 1/16 Cardy boundary condition is also known as the 'free' boundary condition, 
the and 1/2 boundary conditions are known as 'fixed up' and 'fixed down' boundary 
conditions [62]. These boundary conditions correspond to letting the boundary spins free 
or to fix them in the two possible directions. 
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3.3.2 Boundary flows 



The flows we shall consider are trajectories of the form 



H = go{t)Ho + gi{t)Hi + g2{t)H2 + ... 



(3.58) 



in the space of possible Hamiltonian operators, where the gi coupling constants are func- 
tions of a parameter t. Often goit) = 1, t varies form to cxd, and in the simplest situations 
there is only one perturbing term on the right-hand side of ( 13.58^ and giif) = t. 

In the context of perturbed conformal field theory on a strip a boundary renormaliza- 
tion group (RG) flow is a trajectory of the form 



where the length of the line segment L plays the role of the parameter of the trajectory, 
01,02, ••• are boundary perturbations with deflnite weights Zi,/2,---- Such flows are 
associated with changing the width of the strip. 

A perturbation is called relevant if / < 1, irrelevant if / > 1, marginal if / = 1. Rele- 
vant operators generate RG flows away from boundary conformal fleld theory, irrelevant 
operators generate RG flows into boundary conformal field theory at small values of L. In 
case of marginal operators a more detailed investigation is required to determine whether 
they generate flows away from or into boundary conformal fleld theory or whether they 
generate a flow within the space of boundary conformal fleld theories. 

A massless RG flow is an RG flow in which nontrivial conformal symmetry is restored 
in the endpoint (e.g. L oo). Values of L at which the theory described by (I3.59p has 
conformal symmetry are called flxed points. 

In the simplest case when there is only one perturbation, e.g. in the case of (II. 2p . one 
can keep L flxed and use the coupling constant instead as a parameter of the flow. 

As we mentioned in the Introduction, a problem of interest, e.g. in string theory, is 
to flnd the possible RG flows, i.e. to flnd the triplets consisting of a BCFT (boundary 
conformal fleld theory) which is the starting point of the flow, a boundary perturbation 
which generates the flow and which is usually a relevant boundary operator of the starting 
BCFT, and a boundary BCFT which is the endpoint of the flow. 

One can also include bulk perturbation terms into H, in this chapter, however, we 
shall consider boundary flows only. In Chapter d] we shall see an example for renormaliza- 
tion group flows of models deflned on the cylinder, where the perturbations will be bulk 
perturbations. 



H=-Lo + giL-''Mt = 0) + g2L-''Mt = 0) + . . . 



(3.59) 
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3.4 The Truncated Conformal Space Approach 

The method called Truncated Conformal Space Approach (TCSA) is a numerical method 
for the computation of the eigenvalues and eigenvectors of Hamiltonian operators of per- 
turbed conformal field theories. 

It was introduced by Yurov and Al. Zamolodchikov in 1990 in |105) to study bulk 
perturbations of conformal field theories, and it was first applied to boundary perturba- 
tions by Dorey et al in |106) . A modified version applied to a perturbed massive free field 
theory can be found in |107| . In this section we describe the TCSA method in a general 
form that is not tied to conformal field theory. 

The idea is to compute the matrix of the Hamiltonian operator in a suitable basis, to 
take a finite corner of it and to calculate the eigenvectors and eigenvalues numerically. 

A detailed description of the method is the following: let us assume that we want 
to obtain the eigenvalues and eigenvectors of a Hamiltonian operator of the form Hq + 
XHj, where A is a coupling constant, is a Hamiltonian operator with known discrete 
spectrum Eq < Ei < E2 < . . . and the eigenspaces Hi belonging to the eigenvalues are 
finite dimensional. We also assume that a basis (which is not necessarily orthonormal) of 
each eigenspace is given, the elements of which are denoted by , n = 1 . . .dim7-^j for 
Hi. We assume that the matrix elements h^^j = (ff of Hj and the scalar product 

matrix g]^p = (f "|f ™) are also known (in particular, g is block-diagonal: g]^p = if i 7^ j). 

The entries of the matrix of Hj with respect to the basis {f "} are determined by the 
above data in the following way: 




(3.60) 



i=0 n=l 



where /i"'^ denotes the entries of the matrix of Hj we are looking for. 




nm 



(3.61) 



i=0 n=l i=0 n=l 



so 



CXD dirnHk 




(3.62) 



fc=0 (=1 



where g is the inverse matrix of g: 



00 dimWfc 




(3.63) 



k=0 1=1 
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g^^ is block-diagonal, the block {g~^)^^ (where i is fixed) is the inverse of the block 
g^™'. The blocks of g~^ have finite sizes dimT^i, dim7f2, . . . , so they can be calculated 
numerically by a computer. 

The entries of the matrix of the operator 

H^c'^n,) = Pr^XHo + \Hi)Pr,^n{n.) (3.64) 

are 

oo dimWj; 

K7, + A/^?,'^- = EAAm + A/^?™ = EA,5n^ + A E E ^9-')thtk, , (3-65) 

fc=0 1=1 

where 2,j < ric, Pnc is the orthogonal projector onto the finite dimensional subspace 
'Hijic) = (Bi^oHi and h^J^j = Ei6ij6nm are the entries of the matrix of Hq (as well as 
of Pn^HQPnJninc) i,j < 12^). is Called truncation level. Using the property that 
9?P = if i 7^ j we can also write 

K7j + >^hl7j = E^^^Am + A E E (9-')7lht,, . (3.66) 

k=0 1=1 

The second term on the right-hand side is just a product of two finite matrices which are 
obtained by simply taking the dim7i(nc) x dim7i(r;,c) corner of the infinite matrices g~^ 
and hj. Therefore the right-hand side of (j3.66l) can be calculated and diagonalized nu- 
merically by a computer. In this way we obtain the eigenvalues of Pn^HQ^ \Hi)PnJ\-H[nc) 
and the expansion coefficients of its eigenvectors with respect to the basis {ff, i < ric}. 
These eigenvalues and expansion coefficients approximate those of Hq + \Hi. The ap- 
proximation is generally better and applies to more eigenvectors if ric is larger. One also 
expects that the approximation gets worse as A is increased. 

We remark that the above truncation method also serves as a regularization for possible 
ultraviolet divergences. 

3.4.1 TCSA for perturbed conformal field theory on the strip 

In this section we describe the application of the TCSA to a quantum field theory on a 
strip with the Hamiltonian operator 

H = yLo + \L-^^{t = 0) , (3.67) 

where ^Lq is the Hamiltonian operator of a conformal field theory on the strip with 
Hilbert space H = ©jM(c, hj), $ is a boundary primary field of weight / of this conformal 
field theory, A is a coupling constant and L is the width of the strip. 
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The Hilbert space at truncation level ric will be TC{nc) = ®j{®^=oMi{c,hj)). A basis 
for Mj(c, h) is obtained in the following way: we take the vectors 

L_„^L„„2 . . . L_„J/i) ni> n2> ■ ■ ■ > Uk > rii + rig H \- = i (3.68) 

which are linearly independent and form a basis of Vi(c, h). We compute the scalar product 
matrix as described in Section 13.21 this calculation can be done by computer. Then we 
use a simple linear algebraic algorithm (which is not specific to conformal field theory, 
and which we do not describe here) to eliminate elements from the above basis so that 
the image of the remaining vectors by the mapping q (see Section 13.21) will constitute a 
basis for Mj(c, h). The elimination is also done by computer. 

The matrix elements of a chiral primary field "^{z) between the basis vectors can also 
be calculated algorithmically by computer as described in Section 13.2.11 if all the matrix 
elements (/ii|\l/(l)|/i2) between highest weight states are known. Therefore the matrix 
elements of $(t = 0) can also be calculated. 

In summary, a TCSA calculation consists of the following steps: 

1. Fixing the data specifying the model under investigation (the representations ap- 
pearing in the decomposition of the Hilbert space into irreducible representations of 
the Virasoro algebra, weight of the perturbation, normalizations). 

2. Fixing the truncation level ric. 

3. Taking a basis for Vi{c, hj) for all values of i and j and computing the inner product 
matrix for the generated basis. 

4. Generating a basis for Mj(c, hj) for all values of i and j as described above, storing 
ho (which is a diagonal matrix with entry j{hj +i) for a basis vector in Mj(c, hj)), 
storing the inner product matrix g for TC{nc) and computing its inverse. 

5. Computing hj, i.e. the matrix of the matrix elements of the perturbing primary field 
$(t = 0) between the basis vectors of H{nc). 

6. Computing the product matrix g^^hj. 

7. Computing the eigenvalues and eigenvectors of the matrix ho + XL^'-g^^hj, which is 
the matrix of H'^'~^^^{nc), at the values of A which are of interest. 

These steps can obviously be extended to the case when the perturbation consists of more 
than one terms. 
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An application of the TCSA is to locate RG fixed points and identify the representation 
of the Virasoro algebra at these points. When one deals with spectra, the representations 
of the Virasoro algebra can be identified from the dimensions of the energy eigenspaces 
at various levels (see Section I3.2.2p . 



3.5 Exact spectrum 



In this section we present a quantum field theoretic description of the model (II ■2p intro- 
duced in Chapter [H Regarding that the TCSA consists in the (approximate) diagonal- 
ization of the operator (11.2^ given by its matrix elements, the main goal is to realize this 
Hamiltonian operator explicitly in the field theoretic framework and to calculate its spec- 
trum. This is what determined the choice of the approach that we take in this section. In 
particular, the framework for our calculation will be the one introduced in Section [3TT] as 
the perturbed Hamiltonian operator framework, because in this framework the perturbed 
Hamiltonian operator structure, on which the TCSA is based, is explicit. In a calculation 
using the Bethe-Yang equations (which we also present, nevertheless) or in the approach 
of |66| where boundary conditions play central role the link with the TCSA formulation 
would not be entirely obvious. Furthermore, the formulation presented in this section is 
also suitable for Rayleigh-Schrodinger perturbation theory and for the treatment of the 
mode truncated version in the subsequent sections. We do not consider the classical level 
of the field theoretic model, mainly because it is irrelevant to our problem. We remark 
that the same model with massive unperturbed part (see e.g. [T7j) could be studied along 
the same lines. 



3.5.1 Distributions on closed line segments 

We shall use distributions on the closed line segment (interval) [0, L] C M. The necessary 
formulae for the Dirac-delta 6{x) and step function 6(x) distributions on this interval are 
the following: 
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where / is a function defined on [0, L], and x e [0, L\. 



where a E 



where x e [0, L] . 



(3.69) 



f S{x - a)f{x) dx = /(a) if a e (0, L) 
Jo 

I 5{x - a)f{x) dx = ^/(O) if a = (3.70) 
Jo 2 

I 5{x - a)f{x) dx = -f{L) if a = L (3.71) 
JO 2 

I 6{x - a)f{x) dx = if a ^ [0, L] , (3.72) 
Jo 



e{x-a) = if X <a (3.73) 
e(x - a) = 1 if x>a , (3.74) 



d^e{x - L) = 25(x - L) (3.75) 

a^e(x) = (3.76) 

d^e{x - a) = - a) if a e (0, L) (3.77) 

9^e(x - a) = if a ^ [0, L] , (3.78) 



exp[iA;(a; — x')] — 2LS{x — x') 



(3.79) 



J]] exp[iA;(a; + x')] = 2L[(5(a; + x') + 5(a; + - 2L)] , (3.80) 



where x' e [0, L]. 
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3.5.2 The free model 

The defining constituents of the unperturbed model are the following: two fermion fields 
t) and 'i/2{x,t) and a fermionic operator A2{t) with the anticommutators 

{^^{x, t), ^i{y, t)} = iLS{x - y) (3.81) 

{^2(:^;, t), ^2(y, t)} = AL5{x - y) (3.82) 

{^i(a;, t), ^2(1/, t)} = -AL[5{x + y) + 5{x + y - 2L)] (3.83) 

{A2(t),^i(a;,t)} = (3.84) 

{^2(i),*2(a;,i)} = (3.85) 

{A2{t),A2{t)}^2 (3.86) 

and the relations 

*i(x, t)^ = *i(x, t) *2(a;, ^)^ = ^2(2;, t) ^(t)^ = ^(t) , (3.87) 
the Hamiltonian operator 

^°"~8Z/ dx^i{x,0)d^^i{x,0) + ^ dxMx,0)d^^2{x,0) , (3.88) 
the equations of motion 

j^A2{t) = [tHo,A2{t)]=Q, (3.89) 

dt-^i{x,t) = [ii/o,*i(a;,t)] = 

= -9,*i(x, i) + ^[e(-x) + e(x - L)][-d,^2(x, t) + 9,^1 (x, t)]+ 

+ ^[-*i(0,t)-*2(0,t)]5(x) + ^[*i(L,t) + *2(^,t)]5(x-^) , (3.90) 

dt-^2{x,t) = [i//o,*2(a;,i)] = 

- a,^2(x, t) + ^[e(-a;) + Q{x - L)] [-d,^2{x, t) + d,^,{x, t)] + 

+ ^[if,{0,t) +MO,tmx) + ^[-^^{L,t) -ML,t)]S{x - L) . (3.91) 

The fermion fields, which can be regarded as one-component real fermion fields with zero 
mass, have the following expansion: 

^i{x,t)^ J2 \/2[a(A;)e'*^(*-^) + a^(A;)e-^*=(*-^)]+A (3.92) 

feefz, k>o 

^2(0;, i)= J2 \/2[-a(A;)e^'=(*+^) -a^(A;)e-''=(*+^)] -^1 (3.93) 



fcefz, fc>o 
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a{ky = a{-k) A\ = Ai (3.94) 

{a(fci), a(A;2)} = 5k,,-k, {a{k), A^} = (3.95) 

{A2,A,} = {A,, A,} = 2 (3.96) 

{A2,a{k)} = (3.97) 

The fermion fields and A2 are dimensionless. 

A unitary representation for the above operator algebra is defined by the following 
formulae: an orthonormal basis of the Hilbert space is 

\a{ki)a{k2)a{k3) . . . a{kn)u) \a{ki)a{k2)a{ks) ■ ■ ■ a{kn)v) , (3.98) 

where ki > k2 > k^ > ■ ■ ■ > k^ > 0, h e ^ and n > 0, 

Ai\a{ki)a{k2)a{k2,) . . . a{kn)u) = (— l)"|a(fci)a(fc2)a(A;3) . . . a{kn)v) (3.99) 

Ai\a{ki)a{k2)a{k^) . . . a{kn)v) = (— l)"|a(A;i)a(A;2)a(A;3) . . . a{kn)u) (3.100) 

A2\a{ki)a{k2)a{k:i) . . . a{kn)u) = (-l)"(-z)|a(A;i)a(/c2)a(fc3) . . . a{kn)v) (3.101) 

A2\a{ki)a{k2)a{k3) . . . a{kn)v) = {-l)'^{+i)\a{ki)a{k2)a{k3) . . . a{kn)u) . (3.102) 

The condition ki > k2 > k^ > ■ ■ ■ > kn > 0, h E ^ and n > also applies below if not 
stated otherwise. a{k)\u) = 0, a{k)\v) = if A; < 0. 
The Hamiltonian operator can be written as 

Ho= J2 k[a{k)a\k)] , (3.103) 
fcefz, fc>o 

where an infinite constant is subtracted, by normal ordering for example, which is not 
denoted explicitly. The energy eigenvalue of a basis vector 10(^1)0(^2)0(^3) • • • a{kn)u) is 

n 

E{ki,k2,-,k„,u} = '^ki , (3.104) 

1=1 

and the same applies if u is replaced by v. 

The following boundary conditions are satisfied by the fermion fields: 

(£;i|^i(0,t) + ^2(0,t)|^2) = (Ei|^i(L,t) + ^2(i:,t)|^2) = , (3.105) 

where \Ei) and \E2) are energy eigenstates. 

A representation of the Virasoro algebra can also be defined on the Hilbert space in 
the following way (which is well known essentially in conformal field theory; see [73l l78]): 

a(0) = -^Ai (3.106) 
V 2 
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= ^ V -ka{-k)a{k - ^) (3.107) 



kef I, 



where = 1,2,3,4, 



L.M = {LnY (3.108) 
^0 = ^ 5Z [-^ • «(-^)«(^) •] + ^ ' (3-109) 



fcef z 



where :: denotes the normal ordering for fermionic creation and annihilation operators, 
: a{-k)a{k) := a{-k)a{k) if /c < 0, : a{-k)a{k) := -a{k)a{-k) if > 0. L^-, N eZ will 
be the generators of the Virasoro algebra. They satisfy the relations 

[Ln,Lm] = (N - M)Ln+m if N + M^O (3.110) 



and 



[Ln, L-n] — 

= ^ ^ \-k{-2k + — )a(-A:)a(A;) + k{-2k + —)a{-k + — )a(A; - — )] 

(3.111) 

if > 0. It can be verified that in the above representation of the creation and annihi- 
lation operators the right-hand side of the equation (13.1111) is equal to 

2ArLo + ^Ar(Ar - i)(Ar + 1) , (3.112) 

and so the operators Lat satisfy the (usual) relations of the generators of the Virasoro 
algebra with central charge c = 1/2. A2 commutes with the L^r-s. \v) and \u) are highest 
weight states with weight 1/16 and the Hilbert space decomposes into two copies of the 
M(c = 1/2, h = 1/16) unitary highest weight representation of the Virasoro algebra. The 
invariant subspace belonging to u is spanned by the vectors |a(A;i)a(A;2) • • • a{kn)u) with 
n even and \a{ki)a{k2) . . .a{kn)v) with n odd. The invariant subspace belonging to v is 
spanned by the vectors 

\a{ki)a{k2) . . . a{kn)u) with n odd and \a{ki)a{k2) . . . a{kn)v) with n even. These sub- 
spaces will be called u and v sectors. 
The relation between Hq and Lq is 

ff„ = ^i„-if (3.113) 
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The fields and \l/2 can be written as 

= V2Y1 ^^y^^'""^ (3-114) 
^i(z) = V2^a(n)z" (3.115) 

neZ 

^2{x,t) = V2 5^ -a(fc)e''=(*+") (3.116) 
^2(^) = V2 ^ -a(n)^" , (3.117) 

where a(n) = a(/c), /c = , 2; = e*^(*~^\ z = e*^^*+^^ 
The following commutation relations are satisfied: 

[L^, ^,{x, t)] = Z^e'"^^'-^^ [dt - d,]^i{x, t) + ^e^^(*-^)vl/,(a;, t) (3.118) 
[Ln, ^,iz)] = ^^+'^(^) + iNz'^^.iz) (3.119) 
[L^, v^2(a:,t)] = ^e'^(*+^)[9i + 9Jvl>2(x,t) + ^e''^^'-^^^^2{x,t) (3.120) 

ZTT Z 

[L;v, Mz)] = ^""^'^i^) + Inz'^M^) ■ (3.121) 

In the equations (13.119^ and (13.1211) the domains of z and z are extended to the whole 
complex plane and the differentiation with respect to z and z is the usual complex differ- 
entiation. 

For e{z) = we have 

[L^, eiz)] = z^'^'f^iz) + liN + l)z^e(z) (3.122) 

and for e{z) = 

[L^, e{z)] = z'^^'^iz) + \{N + l)^^e(z) , (3.123) 

i.e. e{z) and e{z) are chiral Virasoro primary fields of weight 1/2. The same relations 
apply to the fields A2^i, ^2^2, and ^26, in particular A2e and ^26 are also chiral 
primary fields of weight 1/2. A2e and A2e have zero matrix elements between the u and 
V sector, whereas e{z) and e{z) have zero matrix elements within the u and v sectors. 

The operator A2 is an auxiliary operator and if it is omitted, then it is possible to 
represent the fields so that the Hilbert space is a single Virasoro module (1/2, 1/16). It 
is the next section where the presence of A2 will be really useful. 
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We remark that if we demand the equations of motion dt'^ii^Xjt) = —dx'^iixjt), 
dt'^2{.x,t) = dx'^2{x,t) for X G [0, L], the fermionic nature of the mode creating and 
annihilating operators and the boundary conditions 

(Ei|^i(0,t) + ^2(0,t)|^2) = (Ei|*i(L,t) + *2(i^,t)|^2) = (3.124) 

or 

(Ei|^i(0,t)-^2(0,t)|^2) = (Ei|^i(L,t)-^2(i^,t)|^2) = , (3.125) 

where \Ei) and |i?2) are energy eigenstates, then the (c = 1/2, h = 1/16) representation 
of the Virasoro algebra can be defined on the Hilbert space (without A2 and considering 
the simplest possibility). If we demand the boundary conditions 

(Ei|^i(0,t) + ^2(0,t)|^2) = {E,\^,{L,t) - ^2mt)\E2) = (3.126) 

or 

(^i|^i(0,t)-^2(0,t)|^2) = (Ei|^i(L,t) + ^2(At)|^2) =0 , (3.127) 

then the representation of the Virasoro algebra on the Hilbert space will be (c = 1/2, h = 
1/2) © (c = 1/2, /i = 0). The anticommutation relations of the fields are slightly different 
in these four cases. 

3.5.3 The perturbed model 

The Hamiltonian operator is 

^ = -V7 [ 0)'9x*i(a;, 0)dx + ^ [ ^2{x, 0)d,^2{x, 0) dx + 

o-l^ Jo o-^ Jo 

+ htA2iO)[^2{L, 0) - ^i(L, 0)] , (3.128) 

where h is a coupling constant of dimension mass. The perturbing term 
hHj = hiA2{0)[^2{L, 0) — \&i(L, 0)] has zero matrix elements between vectors belonging to 
different sectors, which means that H can be restricted to the u and v sectors separately. 
These restrictions are denoted hj H\u and H\^. Hj is also a primary boundary field of 
weight 1/2 with respect to the Virasoro algebra defined in the previous section taken at 
t = 0. The matrix elements of Hj, i.e. of Hi\u and Hj\y, are uniquely determined by this 
property and by the values of the matrix elements {u\Hi\u) and {v\Hi\v). It is easy to 
verify that 2 = {u\Hi\u) = —{v\Hi\v), and there exists an intertwiner Y of the Virasoro 
algebra representations on the u and v sectors so that Yu = v, Fifolu^"^ = Ho\v. 
This also implies that YHi\uY^^ = —Hj\^. This means finally that we can restrict to 
< h < 00, and the u sector and H\u will correspond to the h > case of p.2p and to 
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( 11.31) . the V sector and will correspond to the h < case of p. 21) and to (11. 4p . For 
< h < CO the operator (13.1281) describes in the two sectors the two flows mentioned in 
the Introduction. The precise relation between the h in (II. 2p in the Introduction and the 
h in ( I3.128P is the following: hintrod = 2L^^'^h in the u sector, hintrod = — 2L^/^/i in the v 
sector. Further on we shall assume that < h < oo. 

The eigenvalues of the Hamiltonian operator (|3.128l) are ultraviolet divergent in per- 
turbation theory; the divergence can be removed by adding a term ch'^I with appropriate 
value of the logarithmically divergent (as a function of the cutoff energy) coefficient c. 
This means that the differences of the eigenvalues of H are not ultraviolet divergent. We 
shall assume that the ground state energy is set to zero by the renormalization, and the 
ch^I term will not be written explicitly. 

The equations of motion are obtained by adding the following terms to the right-hand 
side of the unperturbed equations of motion (13.891) . (j3.90l) . (I3.9ip : 

[ihHj,'^i{x,t)] = 8LhA2it)5{x - L) (3.129) 
[ihHi, ^2(3;, t)] = -8LhA2{t)6{x - L) (3.130) 
[ihHj, A^it)] = 2h{^2m t) - ^i{L. t)) . (3.131) 

These terms are linear in the fermion fields and A2, so the equations of motion for the 
perturbed theory are linear and by sandwiching these equations between energy eigen- 
states we get a system of three first-order differential equations for the expectation values 
of the fields and A2. These expectation values can be assumed to take the form 

(Ei|^i(x,t)|E2) = -e*^(*-^) - 0(x - L)Ci{k)e'^' (3.132) 
(El 1^2(2;, t) 1^2) =e*^(*+^) -e(x-L)C2(A;)e^'=* (3.133) 
{EM2{t)\E2) = C,{k)e'^\ (3.134) 

where Ci(A;), C2{k)^ C^{k) are finite constants, \Ei) and [£'2) are eigenstates of H and 
k = El — E2. \Ei) and I-E2) are not necessarily normalized to 1 here. 

Substituting (I3.132I) - (I3.134I) into the equations of motion we get algebraic equations 
for Ci{k), C2{k), Cz{k)^ which have the following solution: 

kLt&n{kL) = lQL'^h^ (3.135) 



ipi{k){x,t) = (Ei|^i(x,t)|E2) = -e^'^^*-^) - Q{x - L)ism{kL)e 
^2{k){x,t) = (El 1^2(3;, t) 1^2) = e^'=(*+^)-e(x-L)isin(A;L)e^'=* 

a2{k){t) = {Ei\A2{t)\E2) - 



ikt 



isin(A;L)^.fc, 



(3.136) 
(3.137) 

(3.138) 
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( 13.135P is the formula that determines the possible values of /c at a given value of h and 
L and so the spectrum of H up to an undetermined additive overall constant. 

The assumption (|3.132p . (13.1331) is motivated by the fact that the equations of motion 
for X e (0, L) are {dt + d,,)'^i{x,t) = 0, {dt - 9^)^2(2;, t) = 0. We remark that the 
equations of motion could also be solved directly without making any assumptions on the 
form of the expectation values. 
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Figure 3.1: Exact energy gaps in the v and u sectors as a function of h 
Introducing the notation 

nik) = {Mk),Mk),a2ik)) (3.139) 
the mode expansion of (\E'i, \E'2, A2) is 

{^i,^2,A2) = J2b{k)n{k) , (3.140) 

kes 

where the b{k) are creation/annihilation operators and the summation is done over the 
set S of all real solutions of (I3.135p . 
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The anticommutation relation of the b{k)-s can be obtained in the following way: 
we define a scalar product on the classical complex valued solutions of the equations of 
motion: ^ 

{^Pu ^2, 02101, 02, &2) = / [^1*01 + iJ*2Hdx + 2Lalb2 . (3.141) 

This product should be calculated at a fixed time. Using the equations of motion it can 
be shown that the product is independent of this time. 

The essential properties of this scalar product are that it is defined by a local expression 
and that the n{k)-s are orthogonal with respect to it: 

{n{h)\n{h)) = 4,_fc„o(2L + . (3.142) 

ki 

The creation/annihilation operators can be expressed in the following way: 

{n{k)\{^,,^2,A2)) = b{k){n{k)\n{k)) (3.143) 
Using the formula f l3.14ip and the anticommutation relations (I3.81l) - (13.86p we get 

(3.144) 

The equation 

b{ky = b{-k) (3.145) 

is also satisfied. 

The expansion (|3.140p and (I3.8ip - fl3.86l) imply that the following nontrivial formulae 
hold: 



J2 f{k)Mk){x, 0)M-k){y, 0) = AL6{x - y) (3.146) 

kes 

J2 fm2mx, 0)M-k){y, 0) = 4M(x - y) (3.147) 

J2 f{k)Mk){x, 0)M-k){y, 0) = -4L[<5(x + y)+6{x + y- 2L)] (3.148) 
s 

J2 f{k)a2{k){0)i;,{-k){x, 0) = (3.149) 

kes 

f{k)a2{k){0)^2{-kKx, 0) = (3.150) 

fik)a2{kma2{-k){0) = 2 , (3.151) 



fees 



kes 



kes 



where 
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These formulae are generalizations of (13.791) . (13.80p . 
Using the formulae 



a{k) = —^[f e'^^'^iix.Q) dx- f e-'^''^2{x,Q) dx] (3.153) 
2\'2L Jo Jo 

A^ = ^[l ^i{x,0)dx-l '^2{x,0)dx] (3.154) 
2-^ Jo Jo 

and (13.1401) and (I3.10p we obtain the following relations: 

— 1 v-^ , /, /N sin[(fc — A;')-^vl 

^ k'es 



A, = =lj:bik'f^ (3.156) 



k 

fc'es 



Using ( 13.1431) we get the relation 

6(1.) U + = V2 .(t') -'""l/^'-"^l + ^^^.(0) . (3.158) 



(I3.155l) - (l3.158p can be regarded as Bogoliubov transformation formulae for this model. 

We remark that the above scalar product technique is also suitable for free fields on the 
half-line or in the usual full Minkowski space without boundaries in arbitrary spacetime 
dimensions. 

We also remark that we have not given a mathematically completely rigorous proof 
that (j3.140p satisfies (I3.81I) - (I3.86I) . but we think that this would be possible. 

The Hilbert space is spanned by the orthogonal eigenstates \b{ki)h{k2)h{k^) . . . b{kn)Oh) 
where ki > k2 > ■ ■ ■ > kn > 0, \0h) is the ground state, which is unique, and b{k)\Oh) = 
if /c < 0. The eigenvalues of these states are 

n 

E{k,,k2,-M = Y^i ■ (3.159) 

1=1 

The eigenvector \b{ki)b{k2) . . .b{kn)Oh) belongs to the v sector if n is even and to the u 
sector if n is odd. The first few energy gaps (i.e. energies relative to the lowest energy) 
within the two sectors are shown in Figure [3T] as functions of h with L = 1. 
In the h ^ limit 

b{k{n,h)) -V2a{k{n,0)) n>l (3.160) 
b{k{0,h)) + b{k{0,h)y -Ai (3.161) 
i{b{k{0,h)y -b{k{0,h))) A2{0) (3.162) 

\0h) ^ \v) , (3.163) 
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where k{n, h) is the n-th nonnegative root of (13.135^ as a function of /i, k{n, 0) = rni / L, 
n = 0,1,2,.... 

The nonzero matrix elements of the fields are 

(P|(^,(M),^.(x,t),A.(t))|Q) ^ ^3.164^ 

v/|(^l^)(QIQ)l 

where Q = \h{ki)h{k2) . . . 6(A;„)0;,), P = \h{h), . . . , 6(A;^), h{k), b{km+i), • • • , 6(^n)0„), 

n 

(QIQ) = n/(^^) • (3.166) 

i=l 

The Hamiltonian operator can be written as 

k 

W) 



H= H l^^b{k)b{-k) . (3.167) 

keS, k>0 



The following formula can be written for \0h): 

N\Oh) = lim e-"^!^;) = TT (1 - -L^b{k)b{-k))\v) (3.168) 

fce5, A;>0 ^ ' 

where is a normalization factor. The second equation on the right-hand side can be 
verified directly using the following formulae: 

[b{ki)b{-k,),b{k2)b{-k2)] = (3.169) 

if ki 7^ k2 (and ki,k2 > 0) and 

{b{k)b{-k)Y = f{kY-%k)b{-k) . (3.170) 

The following boundary conditions are satisfied: 

(Ei|*i(0,t) + ^2(0,t)|^2) =0 (3.171) 

{E,\-^,mt) + ^2iL,t)\E2)=Q (3.172) 

and 

lim{Ei\^i{x,t) + ^2ix,t)\E2) = (3.173) 

lim {E,\^,^^ix, t) - d^^2{x, t)|^2) = IQLh^ {E^\^2{L, t) - $i(L, t)\E2) (3.174) 



lim lim(Ei|^i(x,t) - ^2(a;,t)|^2) = (3.175) 

?t— »oo a;— >L 

lim lim(Ei|^i(x,t) + ^2(a;,t)|^2) 7^ , (3.176) 
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where \Ei) and [£'2) are eigenstates of H. The boundary conditions (13.17ip and (13.1721) 
are the same as those satisfied by the free fields and they are also in agreement with 
the the definition ((321)- (D. On the other hand, (I3.173p and (13.1741) are similar to the 
boundary conditions written down in [HI [67l |66|- The equations 03. 1750 . (13.1761) show 
that in the /i : — 00 limit the boundary condition (I3.126P is realized. From the point of 
view of the boundary conditions one can say that the perturbation Hj induces a flow from 
the boundary condition \imx-,L{Ei\'^i{x,t) + \l/2(x, t)|£'2) = to the boundary condition 
lima.^i(_E'i|\I'i(x, t) — '^2{x,t)\E2) = and the boundary condition on the left-hand side 
remains constant, which is in accordance with the literature (see e.g. [E]). The boundary 
condition (i?i|\E'i(L, t) + '^2{L,t)\E2) = is called free spin boundary condition in the 
literature (e.g. [19]) and (i?i|\l/i(L, t) — '^2{L,t)\E2) = is called fixed spin boundary 
condition. One also has the physical picture of these boundary conditions that at zero 
magnetic field (i.e. h = 0) the direction of the spin at the boundary is free, whereas at 
infinite magnetic field it is completely fixed to one of the two directions (depending on 
the sign of the boundary magnetic field). 

We remark that from (13.1731) and (|3.174p and the bulk equations of motion {dt + 
dx)"^! = 0, {dt — dx)'^2 = the equation (13.135P can be recovered. 

In the h : —>■ 00 limit 

In mr 1 vr , , 

k{n, h) ^ k{n, 0) + -- = — + -- (3.177) 

and 

{6(fc,),6(A;,)}^ 25,^+^^,0 . (3.178) 

It can be verified that in the h ^ 00 limit the (c = 1/2, h = 0) representation 
of the Virasoro algebra can be introduced in the v sector and the (c = 1/2, h = 1/2) 
representation can be introduced in the u sector. One can write expressions (which are 
well known essentially, see [73l [TH]) for the generators in terms of the b{k)-s similar to 
fl3Tn7D . fl3Tn9D . Therefore h : ^ 00 corresponds to the (1/2, 1/16) ^ (1/2,0) fiow in 
the V sector and to the (1/2,1/16) (1/2,1/2) flow in the u sector. We remark that 
the easiest way to determine which representations are realized in the h ^ 00 limit is to 
count the degeneracies of the flrst few energy levels (separately in the two sectors) and 
compare the result with Table 13. 1[ 

We deflne the flelds 

$i(x, t) = J2 -h{k)e'^^'-''^ (3.179) 
^2{x,t) = ^h{k)e'^^'+''K (3.180) 
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They satisfy the following equations: 

(vl/i - vl>2)(L,t) = - ^i){L,t) (3.181) 

Mt) = -^i^i + ^2)iL,t) (3.182) 

^0 = -^ [ f/x$i(x,0)9,<l>i(x,0) + -V [ c?x$2(x,0)c',$2(x,0) - IhHi. (3.183) 

Note that the energies of the modes are not in ^Z, so one cannot conclude that the sum 
of the first two terms in (13.183^ equals to H. 

The above equations suggest how to describe the model discussed in this section as 
a perturbation of the h ^ oo limiting model. This description will be given in the next 
section. 



3.5.4 Reverse description 

In this section we propose the description of the model (13.1281) as a perturbation of its 
h ^ oo limit. It should be noted that the meaning of the notation Hq or Hj etc. differs 
from that in the previous section. The precise correspondence between the quantities in 
this section and in the previous section will be given explicitly for the coupling constant 
and for the spectrum. 



The free model 

The fundamental objects of the model at /i = oo are two one-component real fermion 
fields $i(x,t), $2(3;, t) with the anticommutation relations 

{$i(a;,t),<l>i(y,t)} = 4L6{x - y) (3.184) 

{$2(0;, t), $2(y, t)} = AL5{x - y) (3.185) 

{$i(a;, t), $2(1/, t)} = -AL[6{x + y) - 6{x + y - 2L)] (3.186) 

and reality property 

$i(a:, t)^ = $i(a;, t) $2(2:, t)^ = $2(x, t) . (3.187) 

$1 and $2 are dimensionless. 
The Hamiltonian operator is 

Ho = -^ [ dx <l>i(x, 0)6',<l>i(x, 0) + -V /" dx <l>2(x, 0)9,<l>2(x, 0) . (3.188) 

oJ^ Jo oL Jq 
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The equations of motion are 

+ ^6ix - L)[<!>,{L,t) - $2(L,t)] + l5(x)[-$i(0,t) - $2(0,t)]+ 

+ ^ei-x)[d,<^iix,t) - 9,$2(x,t)] + ^eix - L)[d,<^iix,t) + a,$2(x,t)] (3.189) 

+ ^6{x - L) [<l>i(L, t) - $2(L, t)] + ]^5{x) [$i(0, t) + $2(0, t)]+ 

+ ^e(-x)[9,$i(x,t) - o'.^slx.t)] + ^e(x - - 9,$2(x,t)] . (3.190) 
The fermion fields have the following mode expansion: 

$1(2;, t)= V2a(fc)e^^(*-^') (3.191) 

$2(x,t)= ^ -V2a(A;)e^'^(*+^^ (3.192) 



{a(A;i), a\k2)} = 5k,M «(^)^ = «(-^) • (3-193) 
An orthonormal basis for the Hilbert space is formed by the vectors 

\a{ki)a{k2) . . .a(A;„)0) , (3.194) 

where ki > 0, ki E jTL + > 0. a(A;)|0) = if A; < 0. The Hamiltonian operator can 

be written as 

Eo= ^ k\a{}z)a\k)\ (3.195) 
fc>o, fcef 

after subtracting an infinite constant, by normal ordering for example, which is not de- 
noted explicitly. The eigenvalue of the eigenvector \a{kx)a{k2) . . .a{kn)0) is 

n 

^{fci,fc2,...,fc„,o} = ^ki . (3.196) 

i=l 

The fermion fields satisfy the following boundary conditions: 

(^i|$i(0,t) + $2(0,^)1^2) = (^i|$i(L,t) - ^2iL,t)\E2) = , (3.197) 

where \Ei), \E2) are eigenstates of i^o- 

One can define a representation of the Virasoro algebra on the Hilbert space in the same 
way as in Section [3311 (see also [THllTH]). This representation is (1/2, 0) © (1/2, 1/2). The 
fields ^i{x,t) and $2(2;, t) can be converted to right and left moving weight 1/2 primary 
fields by multiplying them by a suitable simple exponential factor. 
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The perturbed model 

The Hamilton operator is 



H = -— da;$i(x,0)9,.<l>i(a;,0) + — / $2(0;, 0)9,$2(x, 0) 



+ g[i{^i + <I>2)(L, 0) lim 9,(<l>2 - $i)(x, 0)] , (3.198) 

a;— >L 



where (7 is a dimensionless coupling constant. In the same way as in Section [3.5.3l the per- 
turbing term has zero matrix elements between vectors belonging to different irreducible 
representations. 

The limit prescription in the perturbing term is important, and the limit Yiyh^^l should 
be taken at the end of any calculation. It should be assumed that \mix->L5{.x — L) = 0, 
for example, and similarly for the derivatives of 5{x — L). 

It should be noted that the only primary field in the or in the 1/2 representation is 
the identity operator, all other fields are descendant and non-relevant fields. 

The equations of motion are obtained by adding the following terms to the right-hand 
side of the unperturbed equations of motion (13.1891) . (13.1901) : 

[igHi,^i{x,t)] = g8LS{x-L) lim 5^ ($2 - $i)(x,t) (3.199) 

[igHi,^2ix,t)] = g8L5{x - L) lim d^{^2 - $i)(a;,t) (3.200) 

where 

Hi = [z($i + <I>2)(L, 0) lim d^{^2 - $i)(a;, 0)] . (3.201) 

x—*L 

We remark that we used the following formulae in the computation of (13.199p , (I3.200p : 

{$i(x,t),lima^($2-<fi)(y,t)} = (3.202) 

{<l>2(x,t),lim9,($2-$i)(t/,t)} = . (3.203) 

Similar steps to those in Section [3.5.31 can now be taken to obtain (i?i|$i(x, t)|i?2) and 
{Ei\^2{,x,t)\E2) . In the same way as in Section [3.5.31 the forms 

(Ei|$i(x,t)|E2) = e'^^'-'^^ + Q{x- L)Di{k)e'^' (3.204) 
{Ei\^2{x,t)\E2) = -e''^(*+") + e{x - L)D2{k)e'^' (3.205) 

can be assumed, where Di{k) and D2{k) are finite constants, \Ei) and l-E'2) are eigenstates 
ofH and k = Ei - E2. 

Solving the equations of motion for -Di(fc), D2{k), we get 

D2{k) = cos{kL) (3.206) 
Di{k) = - cos{kL) (3.207) 
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and 

{kL)tan{kL) = — . (3.208) 
16 g 

( 13.208P is the formula that determines the spectrum of H up to an overall additive con- 
stant. The eigenvalues of H are 

ki + k2 + --- + kn , (3.209) 

where n > 0, ki > 0, ki ^ kj if i ^ j , the ki-s are real roots of (I3.208P and the lowest 
eigenvalue is assumed to be set to zero by adding a constant which is not written explicitly. 
The substitution 

converts (I3.208p into (13.135p . Thus g : ^ — oo corresponds to the flow (0 1/16) © 
(1/2^1/16). 

The following boundary conditions are satisfied: 

(£;i|$i(0,t) + $2(0,t)|E2) = (3.211) 

(Ei|<l>i(L,t) - <l>2(L,t)|E2) = (3.212) 

and 

lim(Ei|$i(a;,t) + $2(a;,t)|E2) = (3.213) 

\im{E,\d,^^,{x,t) - d,^2ix,t)\E2) = (^i|<fi(L,t)-$2(L,t)|E2) (3.214) 
x^L loLg 

lim \im{Ei\^i{x,t) + <l?2ix,t)\E2) = (3.215) 

g^oo x^L 

lim lim{Ei\<l?i{x,t) - $2(0;, t)|^2) ^ , (3.216) 

where \Ei) and \E2) are eigenstates of if . 

In perturbation theory there are divergences if we take x = L at the beginning. 
However, if one allows x to take general values, then in Rayleigh-Schrodinger perturbation 
theory for the differences of the energy levels one can expect to get sums at any fixed order 
which are possible to evaluate. We expect that the evaluation yields, besides non-singular 
parts, 6(x — L), 6{x — L) and its derivatives, and taking the x ^ L limit gives finite 
result eventually. 

3.5.5 Bethe-Yang equations 

The Bethe-Yang equations can be used to give a description of the spectrum of models in 
finite volume which have factorized scattering in their infinite volume limit. The Bethe- 



Yang equations for models defined on a cylinder are exposed, for example, in |108l 11091 
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1110) : for models defined on a strip they were written down in [1111 I112| . It should be 
noted that the Bethe-Yang equations usually give approximate result only. 

In the case of the model that we study the ingredients of the Bethe-Yang description 
are the following: there is a single massless particle with fermionic statistics, the two- 
particle S-matrix is a constant scalar S{k) = —1, where k is the relative momentum. The 
reflection matrix on the left-hand side can be read from (|3.173p . it is -Rl(^) = —1, the 
reflection matrix on the right-hand side can be read from (I3.174p , it is 

16Lh^ + ik 

The transfer matrices for A^-particle states are scalars: 
Ti(fci, ^2, • • • , k^) = 

= RL{h)RR{h) W S{h + k,) W S{h - kj) = -Rnih) , i = l...N , (3.218) 

where ki > k2 > . . . k^ ^ 0. This very simple form is the consequence of the simplicity of 
the S-matrix. The Bethe-Yang equations for the momenta ki, k2, ■ ■ ■ k^ of the A^-particle 
states take the form 

e^*^T,(fci, . . . , k^) = e'^'^'l^^^^ = 1 , ^ = l...N. (3.219) 
The total energy of an A^-particle state in the Bethe-Yang framework is 

N 

E = ^ki. (3.220) 

i=l 

( 13.219P can be rewritten as 

kiLtan{kiL) = IGL^h'^ , i = l...N, (3.221) 

which has the same form as (13.1351) . This means that the Bethe-Yang description repro- 
duces the result of Section 13.5.31 for the spectrum exactly. 

The 'reverse' model is similar, one can read from (13.2131) and f l3.214p that 

and the Bethe-Yang equations for the momenta can be written as 

fciL tan(fciL) = ^ , i = l...N, (3.223) 

which has the same form as (13.2081) . i.e. the result of Section [3.5.41 for the spectrum is 
reproduced exactly. 
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3.6 Exact spectrum in the Mode Truncated version 
3.6.1 The free model 

Let Uc, called the truncation level, be a positive integer. The mode truncated version of 
the free model described in Section 13.5.21 is the following: 

{^i(x,t),^i(y,t)} = 2[l + 2 Yl cos{k{x-y))] (3.224) 

fcef {l...ne} 

{^2(x,t),^2(2/,t)} = 2[l + 2 Yl cos(A;(x-^))] (3.225) 

fcef {l...ne} 

{^i(x,t),*2(2/,t)} = -2[l + 2 Yl cos{k{x + y))] (3.226) 

fcef {l...nc} 

{A2(t),^i(x,t)} = (3.227) 

{A2{t),^2{x,t)} = (3.228) 

{A2{t),A2{t)} = 2 , (3.229) 

^i(x, ty = ^i(x, t) ^2{x, ty = ^2{x, t) A2{ty = A2{t) , (3.230) 



^i(x,t)= Y V2[a{k)e"'^'-''^ + a+ik)e-'''^'-^^]+Ai (3.231) 

fcef{l...nc} 

^2(x,t)= Y V2[-a(A;)e*^(*+^^ -a+(A;)e-^'=(*+^)] - . (3.232) 

fcef{l...nc} 

The equations fl3.94p - (l3.97p apply unchanged. 
The Hamiltonian operator is 

Ho= Y k[a{k)a+{k)] . (3.233) 
kel{i...n,} 

The equations of motion are 

dt'fi{x,t) = [iHo,^i{x,t)] = -d,^i{x,t) (3.234) 
dt'^2{x, t) = [iHo, ^2(x, t)] = d,^2{x, t) (3.235) 
dtA2{t) = [iH^,A2{t)] = 0. (3.236) 

The Hilbert space and the energy eigenstates are similar to those in Section 13.5.21 but 

k e j^i-^c, -nc + 1, . . . , nc - 1, (3.237) 

applies instead of A; G -k2,/L. The Hilbert space is 2 x 2"^" dimensional. 
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3.6.2 The perturbed model 

The perturbed Hamiltonian operator is Hq + hHj, where 

Hj = tA2m^2mO)-'^i{L,0)] . (3.238) 

The equations of motion are 

dt^i{x,t) = [t{Ho + hHj),<i/^{x,t)] = -d,^i{x,t) - hA2it)Ci{x) (3.239) 
9t^2(x, t) = [t{Ho + hHj), ^2{x, t)] = d,^2{x, t) - hA2it)C2ix) (3.240) 

j^A2{t) = [t{Ho + hHi), A2it)] = 2h{^2{L, t) - ^^{L, t)) , (3.241) 

where 

Ci{x) = {^i{x,t),<i/2{L,t)-^i{L,t)} = -4[l + 2 cos{k{x + L))] (3.242) 

fcef {l...nc} 

C2ix) = {^2{x,t),^2{L,t)-^,{L,t)} = -C^ix) . (3.243) 

These equations are linear as in the non-truncated case, so sandwiching them between 
energy eigenstates gives a system of 3 first-order linear partial differential equations for 
the expectation values. The analogue of (13.135p can be obtained from these equations in 
the following way: we can eliminate A2: 

d^^i{x,t) = -9,i^i(x,t) -2/i2(^2(^,t) - ^i(L,t))Ci(x) (3.244) 
d^^2{x,t) = ^,t^^{x,t) - 2h\^2{L,t) - ^,{L,t))C2{x) (3.245) 

and introduce the functions fi{x), f2{x): 

{E,\^,{x,t)\E2) = fi{x)e''' (3.246) 
{E,\^2{x,t)\E2) = f2{x)e'''\ (3.247) 

where k = Ei — E2 and the dependence of /i and /2 on k is not denoted explicitly. 
Equations fIXM and ( 1X2451 ) give 

-k'Mx) = -ikf[{x) - 2h\f2{L) - h{L))C,{x) (3.248) 
-ef2{x) = ikf^{x) - 2h\f2{L) - h{L))C2{x) . (3.249) 



We also have the boundary conditions 



/i(0) = -/2(0) (3.250) 
h{L) = -f2{L) (3.251) 
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so 



-ehix) = -ikf[{x) + 4h^C^{x)h{L) (3.252) 

-k''f2{x) = ikf^ix) - Ah^C2{x)h{L) . (3.253) 

These are almost first-order inhomogeneous linear ordinary differential equations, the 

difference is that the inliomogeneity depends on the unknown functions. The method of 
undetermined coefficients can nevertheless be applied: 

h{x) = C{x)e-'^'' (3.254) 

C'{x) = _e^^-Ci(x)/i(L) (3.255) 

C{x) = C(0) + / dx' —e'^'''Ci{x')h{L) = C(0) + /i(a;) (3.256) 
Jo I'k 

ML) = C(L)e-^^^ = [C{0) + / dx' —e"^^'Ci{x')ML)]e-"''^ (3.257) 

Jo 

C{0)^fm , (3.258) 



f2(x) = D(x)e"''' (3.259) 
4/1^ ., 

D'ix) = —e-^'^C2{x)ML) (3.260) 

D{x) = L>(0) + / dx' —e-"''='C2ix')f2iL) = D{0) + hix) (3.261) 
Jo '^k 

f2{L) = D{L)e"''' = [D{0) + / dx' -^e-^*^^'C2(x')/2(i^)]e''=^ (3.262) 

Jo ^k 

D{0) = /2(0) . (3.263) 

In particular 

/i(L)e*^^ = C(0) + /i(L) (3.264) 

/2(L)e-^*^^ = L'(0) + /2(L) . (3.265) 

Using the boundary condition C(0) + D{0) = 0: 

h(L) + hiL) = /i(L)e^'=^ + /2(L)e-^'=^ , (3.266) 

and then the boundary condition fi{L) + f2{L) — 0: 



/ dx'^le'^'^'CAx') - e-'''^'C2(x')] = e'^ 
Jo I'k 



e-'^^ . (3.267) 
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Simplifying this equation we finally obtain 



16/,^+ J2 



2 




(3.268) 



fcoef {l...nc} 



which is the analogue of (I3.135P and determines the energy of the modes as functions of 



(13.2681) as an algebraic equation for k has finitely many real roots, and if A; is a root, 
then —k is a root as well. All real roots converge to finite values as /i ^ oo except for the 
pair with the largest absolute value. This pair of roots diverges linearly as /i — > oo. This 
pair has the largest absolute value already at h = 0. A consequence of this behaviour is 
that the lower half of the spectrum, namely those states which do not contain the mode 
with the highest energy, remains finite as /i — > cxd, whereas the higher half of the spectrum, 
i.e. the states which contain the mode with the highest energy, diverges linearly as — > cxd 
with a common slope. Here it is assumed that the ground state energy is set to zero. In 
the subsequent sections we shall consider the lower half of the spectrum. The look of this 
half as a function of h is very similar to that shown in Figure 13. 1[ We remark that it is 
not hard to see that the two halves of the spectrum are mirror symmetric with respect to 
a horizontal line, if the ground state energy is set appropriately. 

Applying the formula 



we can easily verify that the limit of (I3.268P as Uc ^ oo is (13.1351) . 

3.7 Power series expansion of the energy levels 

The eigenvectors of Hq suitable for Rayleigh-Schrodinger perturbation theory are those 
introduced in (I3.98p . Degenerate perturbation theory has to be used. 
The nonzero matrix elements of Hj in Section 13.5.31 are the following: 



h. 




(3.269) 



{Qu\Hj\Pv) 
{Qv\Hi\Pu) 



{Qu\Hi\Qu) 
{Qv\Hj\Qv) 
{Pv\Hj\Qu) 
{Pu\Hj\Qv) 



2 



2V2(-l)"+'"(-l)'=^/^ 
-2v^(-l)"+'"(-l)'=-^/" , 



2 



(3.270) 
(3.271) 
(3.272) 
(3.273) 



where 



P = a{ki)a{k2) . . . a{km)a{k)a{km+i) ■ ■ ■ a{kn) 
Q = a{ki)a{k2) . . . a(A;„) . 



(3.274) 
(3.275) 
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We remark that certain perturbative calculations were also done in |113| . 



Non-truncated case: The eigenvalue of the state starting from 
H^H^) ■ ■ ■ at /i = is 

{N, + N2 + --- + Nr)7r 

J^{Ni,N2,...,Nr,v}y'^) ~ ^ ^"'+ 

+ + 1^ + ■ ■ ■ + 1^ - E — ^ + E ^ ^ + • • • 3.276 

n=l n=l 

and the eigenvalue of the state starting form • • • o-{^^)u) at /i = is 

(iVi + iV2 + --- + iV,,)7r 

-C'{7Vi,Ar2,...,Afr,«}l"'J — ^ <~ ^'^+ 

+ + ^ + ■ ■ ■ + ^ - E — + - E + • • • • 3.277 

n=l n=l 



In particular 



00 



or ^ qor^ 

/?m(/i) = - 2/1 - y — + /,3 y + . . . (3.278) 

n=l n=l 

/;{^(/.) = + 2/.-X:-/^^-/^^E^ + --- • (3-279) 

n=l n=l 

We note that the coefficient of h? is ultraviolet divergent and should be regularized. The 
TCSA and the mode truncation both provide a regularization. 

The energy differences corresponding to the creation operators b{k{n,h)) are the fol- 
lowing: for n = 

AEo{h) = E|„|(/i) - E|,}(/i) = + 4/1 + + h%- + ■■■ (3.280) 

n=l 

and for n = iV > 

AEn = E{r,,u}{h) - E{,y{h) = ^ + + + + . . . . (3.281) 

Generally 

^{Ni,N2,...,Nr,v}\'^) " — ^ h U • AI+ 

16L , 1 1 1 X , 9 , q 
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E{Ni,N2,...,Nr,v}i^) ~ E{u]{h) = - — ^— ^ — 4/l- 

16L . 1 1 1 . , o .-^^ 64L2 



1 1 ,^64L\,o 

- + --- + -)/.^ + ($:-^)/.^ + ... (3.283) 



n=l 



E{Ni,N2,...,Nr,u}(^) ~ E{u}{h) = - — ^- ^— ^ — \-0 ■ h+ 



16L , \ 1 1 X , 9 , Q 



E{N^,N2,...,Nr,u\^^ ~ E{v}{h) = ^ — h 4:h + 

16L 1 1 



+ W + + + (3-285) 



n=l 



MT scheme: 



_ (iVi + iV2 + --- + iV.)vr 

-£^{Afi,Ar2,...,Afr,i'}l'^J — ^ ^'^+ 



+ iw + ^ + ■ ■ ■ + ^ - E — ^ + E ^ ^ + • • • 3.286 

n=l n=l 



-£^{Afi,Ar2,...,Afr,«}l'^J = ^ r ^'^+ 

^ ^ ^ n=l n=l 



"'^ 8Z7 "'^ 32/7^ 

E|„|(/i) = - 2/i - V — + h^y" —— + . . . (3.288) 

n=l n=l 

E{u}{h) = + 2/i - V —h^ -h'Y ^ + • • • (3-289) 

n=l n=l 

64L^ 

AEo(/i) = E{„}(/i) - S{.}(/i) = + 4/i + + /i=^(- ^ ^) + . . . (3.290) 

n=l 

AE;v = E^nmW - ^w(/i) = ^ + + + + . . . (3.291) 
In these formulae Uc is the truncation level introduced in Section 13.6.11 
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Generally 

^{NuN2,...,Nr,v}W ~ ^{v}W = h U • /l+ 

+ — + 1^ + • • • + Tr)h +0-h^ + 



F (h\ F (h\ (^i + ^2 + --- + A^.)7r 

^{NuN2....,Nr,v}W ~ = 4/1+ 

n=l 



F (h) F (h) iNi + N, + --. + Nr)7r 

^{NuN2,...,Nr,u}W ~ - h U • /l+ 

16^/ 1 1 1 N,.2 n 1.3 



-£^{Afi,Af2,.-,iVr,«}(^) ~ E{v}{h) = - — — ^-^^ — — h4/l+ 

n=l 

TCS scheme: 

(7V, + 7V, + --- + iV,)7r 
-C'{Ari,Ar2,...,Ar^,i;}i/ij — ^ri+ 

,16L, 1 1 1, ^8L.. .^32L\. 

^ ^ ^ n=l n=l 



^{Ari,Ar2,...,Ar^,u}i/ij h 

,16L, 1 1 1. ^8L.^2 / V^32L2 3 

^ TT ^A^i N2 N/ ^ wk' ^ ^nH^' 

^ ^ ^ n=l n=l 

where rim — nc— {Ni + N2 + ■ ■ ■ + Nr), ric is the conformal truncation level. 

"e or ''c 097-2 

n=l n=l 



.t— ' T7-7r ^— ' n-^TT^ 
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AEo{h) - E{^y{h) - E{^y{h) = + 4/i + + h%- J2 + ■■■ (3-300) 

n=l 

n=nm+l n=nm+i 

(3.301) 

Generally 

^(..^.....,...|(/^) - E,.yih) = + + + + 0+ 

,16L, 11 1 ^ 8L,,2 32L2, 

+ Ur + 1^ + --- + 1^ + y —)h^- y -^h^ + ... 3.302 



^{NuN2,...,Nr,v}W ~ - ^ 4/1+ 



n=nm+''- n=ni n=l 

(3.303) 



n=nm+l n=nm+l 



J^{NuN2....,NrM\'^) ~ E{v}W - h4/l+ 



,16L, 1 1 1 ^ 8L,,2 ,v^32L^ x^32L^,, 

n=nm+i n=ni n=l 

(3.305) 



We remark that the above formulae show that the truncated energy gaps converge to 
the non-truncated energy gaps as l/ric- 

3.8 Perturbative results 

The renormalized Hamiltonian operator is 



H'' = so{h, nc)HQ + si(/i, nc)Hi , 



(3.306) 



3.8. PERTURBATIVE RESULTS 
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where the functions So{h,nc) and Si{h,nc) are determined by the renormalization con- 
dition, Tic is the truncation level. The renormalization condition in the present case is 
the following: the differences of those eigenvalues of that are low compared to the 
truncation level should be equal to those of the truncated Hamiltonian operator H^ijic). 
H^ijic) is, in particular, the TCSA Hamiltonian operator H^'^'^^^ric), or the Hamiltonian 
operator H'^'^ijic) of the mode truncated model. This condition applies separately and 
independently within the u and v sectors, and we have in fact a pair Sq, s" for the u sector 
and another pair Sq, s\ for the v sector. 

The renormalization condition is a very strong condition on sq and Si and generally 
we cannot expect that it can be satisfied. It is possible, however, that it can be satisfied 
in certain approximations. 



3.8.1 Mode Truncation Scheme 

Using the equations (|3.292p - fl3.295p in Section [37fl we can obtain the following results: 

The renormalization conditions have a solution if the eigenfunctions are expanded into 
a power series in h and terms that are of order higher than 3 are omitted: 

So(/i,nc) = 1 + + 0(/i^) (3.307) 
si(/i,ne) = /i + xa/i^ + 0(/i^) (3.308) 

xi = X2 = i(S - S{nc))L'^ (3.309) 

where 

S = Y.^. Sinc) = Y.7;^.- (3-310) 



n=l n=l 



This solution applies to both the u and v sectors and it is exact in Uc. We remark that 

32 

S - S{nc) = -^ + 0{l/nl) . (3.311) 

In the MT scheme we can obtain another result that is not perturbative in h: doing 
power series expansion we obtain the formula 



n=l ^ ' 



Omitting the terms which are of second or higher order in l/ric, equation (13.268P takes 
the form 

/ L 2L2 1 \ , ^ 

^ = /.n + — + - 3.313 
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or 

'2t 2 1 



kLtan{kL) = 16L'h^ ^^jjj^ (3.314) 

1 

which takes the form of (13.1351) if 



h + l6h^—— + 0{l/nl) (3.315) 



hes = I =h + 16h^—- 

is introduced: 

kLtSin{kL) = IQL'^hl^ . (3.316) 

This means that rescaling by 

s^{h,n,) = l + 0{l/nl) (3.317) 
si(h, n^ = h + 16h^ — — + OU/nl) (3.318) 

improves the convergence of the mode truncated energy gaps to the exact energy gaps 
from order l/ric to order l/nl, i.e. the difference between the energy gaps of So{h,nc)HQ + 
Si{h, nc)Hj and the energy gaps of (HQ + hHj)'^'^ tends to zero as 1/n^ for any fixed finite 
value of h, whereas the difference between the energy gaps of HQ + hHf and (HQ + hHj)'^'^ 
tends to zero as l/ric. 



3.8.2 TCS scheme 

Using the equations (I3.302p - (l3.305p in Section [3771 we obtain the following results: 

The renormalization conditions have a solution if the eigenfunctions are expanded into 
a power series in h and in l/ric and terms that are of order higher than 3 in /i and 1 in 
l/ric are omitted: 

SQ{h, n,) = 1 + xih'^ + yih^ + 0{h^) (3.319) 
si{h, n^) =h + y2h^ + Xih^ + 0{h^) (3.320) 



xi = ^— + 0{l/nl) 1/1 = + 0(1/^2) (3.321) 

X2 = \{S - S{n,))L^ + 0{l/nl) I/2 = + 0(1^) . (3.322) 

This solution applies to both sectors. If terms of order 1/n^ are also taken into consider- 
ation, then the renormalization conditions do not have a solution. 



3.9. NUMERICAL RESULTS 
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Calculating so{h,nc) and siih.ric) from the three lowest energy levels gives the result 

Q r 2 oo J 3 

sl{K nc) = 1 + h'-, ry^ - h'-, + 0{h') (3.323) 

[n^ — ricjn 2{nc — lyniTi^ 2 

(3.324) 

in the u sector and 

g r 2 oo T 3 

^»("- = ' + K^T)^ + K^I)^ + (3.325) 

(3.326) 

in the v sector. These formulae are exact in ric. In this case so{h,nc) and si{h,nc) are 
given by the following formulae: 

Sl n \ f E2 — Eq\ ^ I f E2 — E^'^ TCSA 



where the superscriptless quantities are the non-truncated ones. Eq,Ei,E2 denote the 
three lowest energy eigenvalues. 

The coefficient yi of in So{h) and the coefficient 1/2 of h'^ in Si{h) depend on which 
three energy levels one uses to calculate them, and the same applies to that part of Xi 
and X2 which is beyond first order in l/ric. 



3.9 Numerical results 

In the numerical calculations described in this section the value of L was set equal to 1. 
This does not affect the generality of the results. In the calculations we used the same 
normalizations as in Section 13.51 



3.9.1 Mode Truncation Scheme 

Figure 13.21 shows the exact and mode truncated spectra as a function of the logarithm of 
the coupling constant. The truncation level is nc = 9, and the dimension of the Hilbert 
space is 512 in each sector. It is remarkable that there is a good qualitative agreement 
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between the mode truncated and exact spectra for all values of h. Numerical values are 
listed in Table [3731 for the fifth energy gap k{3, h) + k{Q, h) of the v sector and in Table [3751 
for the fifth energy gap A;(4, h) — /c(0, h) of the u sector. The number of digits presented 
do not exceed the numerical precision. 



Figure 13.31 shows the same spectra, but the lowest gap is normalized to 1, i.e. the 



mode truncated spectra looks considerably better than in the case of not normalized 
spectra. 

Figures [374113.61 show the functions so(/i), si{h), si{h) / so{h) determined by the lowest 
three energy levels in the v sector via the formulae (13.327p . ( 13.3281) in various ranges. 
Figure 13.51 and 13.61 also show the curves given by (I3.307P and (13.3081) on the left-hand side 
(red/grey line). so{h) remains close to 1 and for large values of h it tends to a constant 
which can be expected to converge to 1 as ^ oo. Si{h) also tends to a constant for 
large values of h which can be expected to increase to infinity as oo. The behaviour 
of si{h) / so{h) and si{h) are similar. 

Figure [3771 a shows the normalized mode truncated spectrum and the normalized exact 
spectrum rescaled by So{h) and Si{h) in the v sector. No difference between the two is 
visible. In Table 13.21 values of the fifth normalized energy gap fc(i'fe)^fc(o'fe) of the v sector 
are listed: the values in the non-truncated case are listed in the first column, the values in 
the mode truncated case are listed in the second column and the rescaled non-truncated 
values are listed in the third column (which would be the same as the values in the second 
column if the renormalization could be satisfied exactly). 

Figure [3771 b shows the normalized mode truncated spectrum and the normalized exact 
spectrum rescaled by So{h) and Si{h) in the u sector. The So(/i), Si{h) obtained in the v 
sector were used for the rescaling, which corresponds to the assumption that So{h) and 
si{h) are the same for both sectors. The difference between the mode truncated and 
rescaled exact spectra is not visible in the figure. 

We also see from Table 13.4! in which values of the fourth normalized energy gap 



invertible in this case. One way to circumvent this difficulty would be to use other energy 
levels Ei,Ej,Ek for which ^'Ze" (^) invertible. 



functions 




are shown. It is remarkable that the agreement between exact and 
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Figure 3.2: Exact (dashed lines) and mode truncated (solid lines) energy gaps {E^ — Eq) 
in the v and u sectors respectively as a function of ln(/i) at truncation level ric — 9 
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Figure 3.3: Exact (dashed lines) and mode truncated (solid lines) normalized spectra in 
the V and u sectors respectively as a function of ln(/i) at truncation level ric — 9 
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1.06 1.06 1.06 




1 2 3 4 5 D 5 ID IS 20 D 100 200 300 400 

Figure 3.4: The function SQ{h) for the v sector in the ranges h G [0,3], h G [0,20], 
h e [0,400] and Sq G [0.95, 1.05] at truncation level = 9 
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Figure 3.5: The function Si{h) for the v sector in the ranges h E [0,2], h E [0,20], 
h G [0,400] and Si G [0,2] at truncation level ric = 9 




O.S 1 l.S 2 5 10 IS 20 100 200 300 400 



Figure 3.6: The function Si{h)/so{h) for the v sector in the ranges h G [0,2], h G [0,20], 
h G [0,400] and Si/sq G [0,2] at truncation level ric = 9 
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Figure 3.7: The mode truncated (solid lines) and rescaled exact (dashed lines) normalized 
spectra in the v and u sectors respectively as a function of ln(/i) at truncation level ric — 9 
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Table 3.2: The normalized energy gap f}(^i J^^k^Q in the v sector: exact, MT {ric — 9) 
and rescaled exact values 



log(/i) Exact MT Rescaled exact 



-7 


2, 


.997677 


2, 


.997677 


2, 


.997677 


-6 


2, 


.993681 


2, 


.993681 


2, 


.993681 


-5 


2, 


.982797 


2, 


.982797 


2, 


.982797 


-4 


2, 


.953071 


2, 


.953068 


2, 


.953068 


-3 


2, 


.8719584 


2, 


.8719043 


2, 


.8719043 


-2 


2, 


.66042177 


2, 


.6594328 


2, 


.6594328 


-1 


2, 


.25064420 


2, 


.24043886 


2, 


.24043637 





2, 


.00954942 


2, 


.00440950 


2, 


.00435155 


1 


2, 


.00003474 


2, 


.00145821 


2, 


.00136637 


2 


2, 


.00000008 


2, 


.00106850 


2, 


.00100783 


3 


2, 


.0000000 


2, 


.0009872 


2, 


.0009201 


4 


2, 


.0000000 


2, 


.0009756 


2, 


.0009202 


5 


2, 


.0000000 


2, 


.0009740 


2, 


.0009187 


6 


2, 


.0000000 


2, 


.0009738 


2, 


.0009185 


6.4 


2, 


.0000000 


2, 


.0009738 


2, 


.0009185 



Table 3.3: The energy gap A;(3, h) + k{0, h) in the v sector: exact and MT {uc = 9) values 



\og{h) 


Exact 


MT 


-7 


9.428427 


9.428427 


-6 


9.434703 


9.434703 


-5 


9.451803 


9.451804 


-4 


9.498544 


9.498549 


-3 


9.626826 


9.626912 


-2 


9.972034 


9.973705 


-1 


10.746173 


10.770531 





11.897034 


12.101539 


1 


12.461229 


12.740942 


2 


12.552003 


12.833098 


3 


12.564424 


12.845456 


4 


12.566107 


12.847126 


5 


12.566335 


12.847352 


6 


12.566366 


12.847382 


6.4 


12.566368 


12.847385 
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Table 3.4: The normalized energy gap k(^ihyk{Qji) ^ sector: exact, MT {ric = 9) 

and rescaled exact values 



log(/i) Exact MT Rescaled exact 



-7 


3, 


.002321 


3.002321 


3. 


,002321 


-6 


3, 


.006305 


3.006305 


3. 


,006305 


-5 


3, 


.017105 


3.017105 


3. 


,017105 


-4 


3, 


.046201 


3.046203 


3. 


,046203 


-3 


3, 


.1225067 


3.1225559 


3. 


,1225559 


-2 


3, 


.29172833 


3.29237422 


3. 


,29237405 


-1 


3, 


.32029283 


3.31272102 


3. 


,31271418 





3, 


.01716419 


3.00801374 


3. 


,00788791 


1 


3, 


.00006366 


3.00269022 


3. 


,00249222 


2 


3, 


.0000000 


3.0019707 


3. 


,0018400 


3 


3, 


.0000000 


3.0018211 


3. 


,0017004 


4 


3, 


.0000000 


3.0017997 


3. 


,0016804 


5 


3, 


.0000000 


3.0017968 


3. 


,0016776 


6 


3, 


.0000000 


3.0017964 


3. 


,0016773 



Table 3.5: The energy gap k{3, h) — k{0, h) in the u sector: exact and MT {ric — 9) values 



log{h) 


Exact 


MT 


-7 


9 


.421132 


9 


.421132 


-6 


9 


.414873 


9 


.414873 


-5 


9 


.397906 


9 


.397906 


-4 


9 


.352150 


9 


.352146 


-3 


9 


.231143 


9 


.231064 


-2 


8, 


.939485 


8, 


.938216 


-1 


8, 


.545045 


8, 


.541635 





8, 


.939748 


9 


.084020 


1 


9 


.345985 


9 


.558387 


2 


9 


.414002 


9 


.626803 


3 


9 


.423318 


9 


.635922 


4 


9 


.424580 


9 


.637153 


5 


9 


.424751 


9 


.637320 


6 


9 


.424774 


9 


.637342 
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3.9.2 TCS scheme 



Figure 13.81 shows the exact and TCSA spectra as a function of the logarithm of the 
coupling constant. The truncation level is Uc = 14, and the dimension of the Hilbert 
space is 110 in each sector. It is remarkable that there is strong deviation between the 
TCSA and exact spectra for large values of h. The behaviour of the TCSA energy gaps 
is Ei{h) — Eo{h) oc h for large values of h. Numerical values are listed in Table 13771 for 



the fifth energy gap k{3, h) + A;(0, h) of the v sector and in Table [3^ for the fifth energy 
gap /c(4, h) — A;(0, h) of the u sector. The number of digits presented do not exceed the 
numerical precision. 

Figure 13.91 shows the same spectra, but the lowest gap is normalized to 1, i.e. the 



TCSA spectra looks better than in the case of not normalized spectra. The functions 



to correspond to the c = l/2,h = 1/16 representation of the Virasoro algebra. This 
correspondence improves as Uc is increased. As an illustration of this improvement we 
show the spectra at Uc = 10 in Figure [3T01 At any fixed finite value of h, however, the 
TCSA data are expected to converge to the exact values as nc ^ oo. 

Figures 13 . 1 1113 . 1 31 show the functions so{h), Si{h), si{h) / so{h) in various ranges calcu- 
lated in the same way as in the mode truncated case. The figures also show the curves 
given by (13.3191) and (13.3201) on the left-hand side (red/grey line). It is remarkable that 
so{h) oc h for large values of h. Calculations at other values of ric show that the slope of 
So{h) decreases as ric is increased and it can be expected to converge to as ric oc. 
si{h) appears to tend to a constant for moderately large values of h. Calculations at other 
values of ric show that this constant increases as ric is increased and it can be expected 
to converge to infinity as ric oo. For large values of /i, Si{h) decreases. Si{h)/so{h) 
reaches a maximum at h ^ 1.6 and then decreases to zero. Calculations at other values 
of ric show that the maximum value and the value of h where it is reached increase as ric 
is increased and it can be expected that both values converge to infinity as ric oo. 

Figure I3.14[ a shows the normalized TCSA spectrum and the normalized exact spec- 
trum rescaled by So^h) and Si{h). They show good qualitative agreement. Values of the 
fifth normalized energy gap of the v sector are listed in Table 13.61 as in the 

mode truncated case. These data show that the rescaling results significant improvement 
(which is especially noticeable if \ia{h) > —2). 

Figure I3.14[ b shows the normalized TCSA spectrum and the normalized exact spec- 
trum rescaled by so{h) and si{h) in the u sector. The so{h), si{h) functions obtained in 
the V sector were used for the rescaling as in the mode truncated case. Table 13.81 shows 




are shown. It is remarkable that the agreement between exact and 




have finite limit as h 



oo and the degeneracy pattern in this limit appears 
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-6 -4 -2 2 4 6 -6 -4 -2 2 4 6 



Figure 3.8: Exact (dashed lines) and TCSA (solid lines) energy gaps {Ei — Eq) in the v 
and u sectors respectively as a function of ln(/i) at truncation level Uc — 14 

values of the fourth normalized energy gap of the u sector. We see from the 

table that the assumption that so(^) and Si{h) are the same in both sectors does not 
give very good result in this case, although the situation might become better at higher 
truncation levels. 



3.9.2. NUMERICAL RESULTS - TCS SCHEME 
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Figure 3.9: Exact (dashed lines) and TCSA (solid lines) normalized spectra in the v and 
u sectors respectively as a function of ln(/i) at truncation level ric — 14 
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Figure 3.10: Exact (dashed lines) and TCSA (solid lines) normalized spectra in the v and 
u sectors respectively as a function of hi(/i) at truncation level ric — 10 
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Figure 3.12: The function Si{h) for the v sector in the ranges h G [0, 1.75], Si G [0, 1.7]; 
h G [0,20], si G [0,1.5]; h G [0,100], Si G [0,1.5]; h G [0,400], Si G [0,1.5] at truncation 
level ric = 14 
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400 



Figure 3.13: The function Si{h) / So{h) for the v sector in the ranges h G [0, 1.75], Si/sq G 
[0, 1.75]; h G [0, 10], si/sq e [0,1]; he [0,400], si/sq G [0, 1] at truncation level = 14 




Figure 3.14: The TCSA (solid lines) and rescaled exact (dashed lines) normalized spectra 
in the v and u sectors respectively as a function of \n{h) at truncation level Uc = 14 



3.9.2. NUMERICAL RESULTS - TCS SCHEME 



Table 3.6: The normalized energy gap in the v sector: exact, TCSA (n 

and rescaled exact values 



log(/i) Exact TCSA Rescaled exact 





2 


QQ3fi81 


2 


9Q3681 


2 


993681 




2, 




2, 


982797 


2. 


982797 


-4 


2 


Q53n71 


2 


953074 


2 


9t3073 


•J 


2 


871 Q584 


2 


871 974 


2 


871 961 


_2 


2, 


660421 77 


2, 


660322 


2, 


660236 


-1 


2, 


.25064420 


2, 


.2488 


2, 


.24837 





2, 


.00954942 


2, 


.01699 


2, 


.0177 


1 


2, 


.00003474 


2, 


.028321 


2, 


.031631 


2 


2, 


.00000008 


2, 


.101337 


2, 


.105516 


3 


2, 


.0000000 


2, 


.33433 


2, 


.32573 


4 


2, 


.0000000 


2, 


.670454 


2, 


.643480 


5 


2, 


.0000000 


2, 


.916318 


2, 


.879339 


6 


2, 


.0000000 


3, 


.037542 


2, 


.997132 



Table 3.7: The energy gap k{3, h) + /c(0, h) in the v sector: exact and TCSA [n 
values 



\og{h) Exact TCSA 



-6 


9.434703 


9.434706 


-5 


9.451803 


9.451830 


-4 


9.498544 


9.498745 


-3 


9.626826 


9.628349 


-2 


9.972034 


9.983987 


-1 


10.746173 


10.840718 





11.897034 


12.51855 


1 


12.461229 


15.0054 


2 


12.552003 


20.7975 


3 


12.564424 


36.1193 


4 


12.566107 


77.0368 


5 


12.566335 


187.694 


6 


12.566366 


488.292 
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Table 3.8: The normalized energy gap ^(1^)1^(0^) in the u sector: exact, TCSA {ric — 14) 
and rescaled exact values 





Exact 


TCSA 


Rescaled exact 


-7 


3 002321 


3 002321 


3 002321 


-6 


3 006305 


3 006305 


3 006305 


-5 


3 017105 


3 017105 


3 017105 


-4 


3 046201 


3 046206 


3 046198 


-3 


3 1225067 


3 122558 


3 122504 


-2 


3 29172833 


3 292196 


3 291849 


-1 


3 32029283 


3.31947 


3 31865 





3 01716419 


3 0268 


3.0315 


1 


3.00006366 


3.03610 


3.05522 


2 


3.0000000 


3.11033 


3.16799 


3 


3.0000000 


3.27063 


3.36158 


4 


3.0000000 


3.28320 


3.30254 


5 


3.0000000 


3.203134 


3.115763 


6 


3.0000000 


3.152931 


3.002865 



Table 3.9: The energy gap k{3, h) — k{0, h) in the u sector: exact and TCSA [ric — 14) 
\'alues 



\og{h) 


Exact 


TCSA 


-7 


9 


.421132 


9.421132 


-6 


9 


.414873 


9.414877 


-5 


9 


.397906 


9.397933 


-4 


9 


.352150 


9.352345 


-3 


9 


.231143 


9.232544 


-2 


8, 


.939485 


8.949181 


-1 


8, 


.545045 


8.61250 





8, 
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3.10 Scaling properties of the si/sq, si and sq functions 

In this section we describe results obtained mainly numerically for the nc-dependence of 
the Si(nc, h)/so{nc, /i), Si^ric, h) and So^ric, h) functions. The value of L is fixed. So(nc, h) 
and Siiric.h) are calculated from the three lowest energy levels. In the TCSA case we 
considered ric = 11, 12, 13, 14, in the MT case ric = 8, 9, 10, 11. 
In the MT scheme we found that the functions 



n-y^^{n,,hnl/') (3.329) 
■So 

n-^/^Si{nc,hnl/^) (3.330) 

ne(so(n„/iny') - 1) (3.331) 



are approximately independent of Uc. This is consistent with the perturbative formulae 
(13.3071) ■ (I3.308p . It should be noted that Sq is very close to 1, therefore the scaling 
properties of Sq, Si, Si/ Sq written down above are not inconsistent. 
In the TCSA scheme we found that the functions 



n;°-(nc,/m(^) (3.332) 
■So 

n-""' si{n^, hn^') (3.333) 

So{nc,hn^^') (3.334) 



are approximately independent of Uc with a suitable choice of the numbers a, /3, ai, (^2. 
The precision of this independence, however, is not very high, especially for Si/sq and Si. 
We obtained /?2 ~ 1/2, which is consistent with the perturbative formula (13.3191) . We also 
obtained that a ~ /5 and ai ~ which is consistent with ( 13.3191 ) and (13.320p . however 
the value of a and ai appears to be around 1/3, which deviates from the expectation 
based on (I3.319P and (13.3201) . Moreover, the value of a and ai appears to depend on 
He, and on which three energy levels sq and Si are calculated from. One can also obtain 
different numbers if one takes different domains of the values of h into consideration. The 
values one can obtain for a and ai are between 0.3 and 0.5. 

Generally one can expect that the functions Si{nc, h)/so{nc, h), Si(nc, h) and So{nc, h) 
can be written in the form 

s(ne, h) = nJ'Fiihnl^) + nfF2{hnl^) + ... (3.335) 

where s{nc,h) stands for Si^ric, h) / Sq^Uc, h) , Si{nc,h) or So{nc,h), and 71, 61, 72, ^2, ••• 
are constants. Some of the functions Fi, F2, ... may depend on the method used to 
calculate Si{nc, h) / So{nc, h) , si{nc,h) and So{nc,h). (The functions Fi, F2, ... and the 
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exponents are generally different for si/sq, si and sq, of course.) In the MT scheme one 
term appears to dominate clearly. For Sq this term is the constant function 1, and the 
next term also appears to be much larger than the further terms. In the TCSA scheme it 
appears that there is one dominant term for sq, and a dominant term cannot be isolated 
for Si/sq and Si at the values of ric that we considered. 

3.11 Discussion 

We have investigated the validity of the approach (II. 5p for the description of truncation 
effects in TCSA spectra. Comparison with a solvable truncation method called mode 
truncation shows that the remarkably regular behaviour of the TCSA spectrum for large 
h in the case of the model 01.21) is not universal (i.e. not independent of the truncation 
scheme). The numerical calculations show that (11.51) provides a good approximation 
of the truncated spectra in both the TCSA and the mode truncation scheme. This is 
confirmed by perturbative analytic calculations as well. The main difference between the 
mode truncated and TCSA spectra at large h seems to be explicable through the different 
behaviour of the function So{nc,h) in the two schemes. Difference between the So{nc,h) 
functions appears also in perturbation theory. We have shown analytically that in the 
mode truncation scheme the convergence of the truncated spectra to the exact spectra 
can be improved by one order in l/uc by the rescaling (11.51) . This has also been shown in 
the TCSA scheme for low orders of perturbation theory in h. 

We have also given a quantum field theoretic discussion of the model (11.21) . In par- 
ticular we have discussed the change of the boundary condition satisfied by the fermion 
fields as the coupling constant (or external boundary magnetic field) is increased. Such a 
change, which is emphasized in the literature, seems impossible naively — in our formu- 
lation at least. The paradox is resolved by the phenomenon that the fermion fields (more 
precisely their matrix elements between energy eigenstates) develop a discontinuity at the 
boundary if the coupling constant is nonzero. 

It is still an open problem to present an explanation of the validity of the approach 
( 11.51) . Within the framework of ( 11.51) the behaviour of the TCSA spectrum at large h, in 
particular the second flow mentioned in the Introduction, is explained by the behaviour 
of So and si at large h: sq oc h, si is bounded from above, therefore si/sq tends to zero. 
It is a further problem to give an analytic derivation of this behaviour of Sq and Si. In the 
future we intend to investigate the scaling properties of Si/sq, Si and Sq and the TCSA 
and MT spectra more thoroughly by taking higher values of Uc |115) . It would also be 
interesting to extend our results to other perturbed boundary conformal minimal models. 
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which show similar behaviour numerically to the model that we have studied. Certain 
results concerning other minimal models and scaling properties already exist [65l I61| : see 
also [59j. It is a further problem to classify the possible behaviours of truncated spectra 
at large h for various truncation schemes. Finally, the quantum field theoretic description 
of the model (jl.2l) could be developed further and extended to the massive case. 
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Chapter 4 

A nonperturbative study of phase 
transitions in the multi-frequency 
sine-Gordon model 

4.1 The multi- frequency sine-Gordon model 



In this section the definition and basic properties of the multi-frequency sine-Gordon 
model (MSG) are described. 
The action of the model is 



is the potential, which contains n cosine terms. $ is a real scalar field defined on the 
two-dimensional Minkowski space /3j e IR are the frequencies, /3j ^ (5j li i ^ j, /li 

are the coupling constants (of dimension mass^ at the classical level) and t^j e R are the 
phases in the terms of the potential. 

Two cases can be distinguished according to the periodicity properties of the potential. 
The first one is the rational case, when V{^) is a trigonometric polynomial: the ratios 
of the frequencies /3j are rational and the potential is periodic. Let the period of the 
potential be 27rr in this case. The target space of the field $ can be compactified: 




where 



n 



$ = $ 2/cr7r, 
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where /c G N can be chosen arbitrarily. The model obtained in this way is called the 
fc-folded MSG. The well-known classical sine-Gordon model corresponds to n = 1, /c = 1. 

The other case is the irrational one, when the potential is not periodic and no such 
folding can be made. The irrational case is much more complicated than the rational 
one, so we restrict our attention to the rational case. We remark here only that although 
V^($) always has a finite infimum, it does not necessarily admit an absolute minimum. 
The potential V{^) can always be written uniquely as a sum V{^) = + V2($) + 

• ■ ■ + Vfc(<l>), where the terms Vi, . . . , are periodic but any sum of any of these terms 
is not periodic. V{^) has an absolute minimum if and only if Vi($), . . . , Vfc($) have a 
common absolute minimum. This occurs for special choice of the 6i, if the values of Pi 
are given. In particular, if Pi/Pj are irrational for all i j and /ij < for all i, then V{^) 
has a absolute minimum if and only if -I- — = — is satisfied with some numbers 



hi G Z, which is equivalent to the case (5j = for all i. See and [75] and [52] for further 
remarks on the irrational case. 

At the quantum level the theory can be regarded as a perturbed conformal field theory: 

where 

AcFT = JdtJ dx^9^$9^$ , 

which is the action of the free scalar particle of zero mass, and 



Pi) ) 



where Kj denotes the vertex operator 

V =■ e*"^* • 

which is a primary field with conformal dimensions 

in the unperturbed (conformal) field theory. The upper index ± corresponds to the 
left/right conformal algebra and : : denotes the conformal normal ordering. The dimen- 
sions of the coupling constants at the quantum level are 

The perturbing operators are relevant only if 

< Stt , (4.1) 
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we restrict ourselves to this case. We also assume that 



which is a necessary and sufficient condition for the model to be free from ultraviolet 
divergencies in the perturbed conformal field theory framework |114l [75l I52| . 

The model has a massgap in general, and it is clear that phase transitions occur in the 
classical version of the model as the coupling constants are tuned (assuming that n > 1). 
It is also expected that there are topologically charged solutions/states in the model [75]. 
We shall investigate the sector with zero topological charge, which is sufficient for our 
purposes. We also restrict ourselves to 1-folded models (fc = 1), as it is natural to expect 
that in infinite volume a folding number k ^ 1 results simply in a fc-fold multiplication of 
the spectrum corresponding to /c = 1. 

4.2 The Truncated Conformal Space Approach for the 
mult i- frequency sine- Gordon model 

The following fields are primary fields in the folded free boson as a conformal field theory: 



Vp^p{z,z) has conformal dimensions A+ = A =1;;:, where p = ^ + 27rrm, p = 
- — 27rrm, n,m eZ, and the free boson field $cft is 



TicFT is spanned by the states |p, p) = lim^^j^o ^,p(^5 ^)|0) (|0,0) = |0)) and 
a„j . . . • • • b^p), where a^^ and are creating operators of Fourier modes of $cft- 
The mode creating operators increase the conformal weight by 1. The conformal genera- 
tors Lo and Zq are diagonal in this basis. We refer the reader to [73] for more details on 
the quantization of the folded free boson in finite volume. 

The basis of the TCSA Hilbert space is obtained by taking those elements \v) of the 
basis above which satisfy the truncation condition 



Ccut is the dimensionless upper conformal energy cutoff and L is the volume of space. We 
restrict ourselves to the sector with zero topological charge (p = p), this being the sector 



^cft(,x, t) = (pcFxix -t) + (Pcft{x + t) . 



{v 
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containing the ground state (s) and the relevant information for the problem treated in 
this chapter. We can also restrict to zero momentum states i.e. to states satisfying the 
condition (Lq — Lq)\v) = 0. (The operator Lq — Lq commutes with H and He ft as well). 
We remark that Ccut also serves as an ultraviolet cutoff. 

The matrix elements of H between two elements \a) and \b) of the basis of Hcft above 
are given by 



27r / - c \ 



H\ 27r , , 

' 'o 



ab 



+ 2(27r)-.-i ''"'''^^-^^'-^^-^^' l))afc^A.^A.,A.-A. ^ (4-2) 

where M is a mass scale of the theory given below, / = LM is the dimensionless volume, 
Xj = 2 — 2Aj, Aj = Aj3^; Aa, A^, Af,, A;, are the conformal weights of the states \a) and 
1 6), c is the central charge of the conformal theory (c = 1 in the present case), and we 
have made a replacement corresponding to 

|/i,| = «:,Mf . 

The 'interpolating' mass scale M is 

j 

where 

1/7-1 ^Z^-' 

are the dimensionless coupling constants (of which only n — 1 are independent). (|4.3p 
implies that rjj G [0,1], J2jVj = 1- M depends smoothly on the rjj-s. The precise 
expression for k is not essential for our problem, we need only that n depends on A only 
and that it is dimensionless. Following [52] we used the formula of |116| : 

2r(A,) / v^nj 

^ 7rr(l-A,) 1^ 2r(|) 

In the classical limit Aj = and Xj = 2. 

The formula (|4.2I) is written in terms of dimensionless quantities, and the volume (/) 
dependence of H/M is also explicit. We refer the reader to |105| and [501 ESI IllOl 189] for 
further explanation of (14.21) . It should also be noted that the above basis for the Hilbert 
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space is not the one generated by the standard Ln elements of the Virasoro algebra, which 
is used in general for TCSA, but the one generated by the mode creating operators. In this 
(orthogonal) basis the matrix elements (Va^^/3^(1, l))ab and _^^(1, l))ab are relatively 
easy to calculate. 

It is clear from (14. 2p that TCSA gives an exact result if Z — > (assuming (14.11) ) and 
this limit of the theory is the conformal theory (the massless free boson), and the accuracy 
of the TCSA spectrum decreases at fixed Ccut as Z ^ oo. For very large values of / the 
/-dependence of the spectrum of the TCSA Hamiltonian operator is power-like and it is 
determined by the P^"^ coefficients in ( 14. 2p . The TCSA Hamiltonian operator cannot be 
considered as good approximation for these values of /. 

We denote the (dimensionless) energy levels of H/M in volume / by ei(/), i = 0, 1, 2, . . . , 
and Co < ei < 62 < . . . is assumed if not stated otherwise. We shall draw conclusions 
about the spectrum at Z = cxd from the behaviour of the functions ej(/) for low values of 
i and moderately large values of /. 



4.3 Phase structure in the classical limit 

4.3.1 Phase structure of the two- frequency model in the classical 
limit 

The Lagrangian density takes the following form in the two-frequency case: 



C = - cos(/5<l>) - A cos(a<l> + 6) 



where 

a m 

n and m are coprimes (and the folding number equals to one). 

The following proposition about the properties of V{^) can be used to determine the 
phase structure: 

Assume that /i, A 7^ 0. Then the following three cases can be distinguished: 
a.) If the function V{^) is symmetric with respect to the refiection $ 1— 2$o ~ 
where $0 is a suitable constant, and n,m > 1, then V has two absolute minima, which 
are mapped into each other by the refiection. We remark that it depends on the value of 
S whether V has this symmetry or not, and it is easy to give a criterion for the existence 
of this symmetry in terms of n, m and 6. 
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b. ) If V is symmetric with respect to a reflection as in case a., but n = 1 or m = 1, 
then V has one or two absolute minima depending on the values of fj, and A. In this case, 
assuming that n = 1, V can be brought to the form 

V{(^) = cos(/3<l>) + |A| cos(m/3$) 

by an appropriate shift of $. V has two absolute minima if | A//i| > 1/m^, and one absolute 
minimum if |A/;u| < 1/m?. The two absolute minima are mapped into each other by the 
reflection. The second derivative of V is nonzero at the minima if |A/yu| 7^ but it 

is zero if |A/yu| = l/rn?. In the latter case, the fourth derivative of V at the minimum is 
nonzero. The two minima of V merge and the value of the second derivatives of V at the 
two minima tends to zero as |A//i| approaches l/rn? from above. 

c. ) If V does not satisfy the requirements of a) and b), then V has a single absolute 
minimum. 

We omit the proof of this proposition, which is elementary, although long and not 
completely trivial because of the arbitrariness of n and m. 

If or A equals to zero, then V is periodic and has m or n absolute minima, respec- 
tively. See |110| for a detailed investigation of these (integrable) limiting cases. 

The phases of the classical model are determined by the behaviour of the absolute 
minima of V^($) as the value of the coupling constants vary. In particular, the proposition 
above implies that the phase structure of the two-frequency model is the following: 

The model exhibits an Ising-type second order phase transition at the critical value 

m 
1 + m 

of the dimensionless coupling constant rj = ^/\JA/{\AiA + V^IM) if = 1 and V has the 
Z2-symmetry introduced above. This critical point separates two massive phases with 
unbroken and spontaneously broken Z2-symmetry. Equivalent statement can be made if 
m = 1. If is not symmetric, then there is only one massive phase with nondegenerate 
ground state. If m, n 7^ 1 and V is symmetric, then there is one massive phase with 
doubly degenerate ground state (i.e. the reflection symmetry is spontaneously broken). 
In the limiting cases 77 = and r] = 1 the model is massive and has spontaneously (and 
completely) broken Z„ or symmetry. 
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4.3.2 Phase structure of the three-frequency model in the classi- 
cal limit 

A complete description of the behaviour of the absolute minima of V for all values of the 
parameters becomes excessively difficult in the three- and higher-frequency cases, so we 
restrict our attention to particular values. The potential in the three-frequency case is 

\/($) = /il cos(/5i<l') + /i2 cos(/32$ + ^2) + yU3 cos(/33$ + 63) . (4.4) 

We choose the frequency ratios 3:2:1, i.e. 

This three-frequency model has a tricritical point if and only if ^2 = ^3 = (and also in a 
few equivalent cases), in this case V is symmetric with respect to the reflection $ ^-^ — 
In the tricritical point the absolute minimum of V can be located only at or vr. The two 
cases are equivalent, we consider the case when the location of the absolute minimum is 
0. The tricritical point in this case is located at 

/il _ ^1 ^ _ J_ 

/i2 6 ' /is 15 

In this point V^^\0) ^ 0. (The upper index denotes the sixth derivative with respect 
to $.) V^^\0) > requires /ii,/i3 < and ^2 > 0. We restrict ourselves to this domain 
and to the values 62 = 63 = 0. 

The phase diagram is shown in Figure 14.11 The points of the diagram correspond to 
the values of the pair (?/i,?/2) of dimensionless parameters. The allowed values constitute 
the left lower triangle, the straight line joining (0,1) and (1,0) corresponds to 773 = 0. 
The tricritical point is denoted by t, it is located at 

( ^ = , ^ — = I ^ (0.1365,0.3345) . 

\i + V6 + ViE 1 + V6 + V1EJ 

At t V has one single and absolute minimum (at $ = 0). Phase transition occurs when 
the lines 5 and 3 shown in the phase diagram are crossed. Second order Ising-type phase 
transition occurs on 5 and first order phase transition occurs on 3. The domain A U 
B U F corresponds to a massive Z2-symmetric phase (with unique ground state). The 
domain E U C corresponds to a massive phase with spontaneously broken Z2-symmetry. 
Characteristic shapes of the potential in the various domains and on the various lines of 
the phase diagram can be seen in Figure [421 Data applying to the quantum case are also 
shown in Figure [4Tl they will be explained in subsequent sections. 
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Figure 4.1: Phase diagram of the classical three-frequency sine-Gordon model at 
P1/P2/P3 = 3/2/1, 61 = 62 = S3 = 0, /ii,yU3 < and /i2 > 0. The crosses and the 
square correspond to certain quantum theory values described in Section I4.6[ 
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Figure 4.2: Characteristic shapes of the potential 

4.3.3 n-frequency model in the classical limit 

Let us take the n-frequency model with (3i — i — 1 . . .n, and 5i — 0. In this case there 
exist unique values oi /li/ /ii, i — 2 ... n so that V{x) has a single global minimum at x — 
and has no other local minima, and ^"(0) = 0, ^""(0) = 0, ... y(2n)^o) = also hold. The 
values of /li/iii are determined by the latter equations. The point corresponding to these 
values of /li/ /ii is an n-fold multi-critical point in the phase space. The neighbourhood of 
this multi-critical point contains m-fold multi-critical points for any integer < m < n. 

These statements can be proved using well known properties of analytic functions and 
the fact that y is a trigonometric polynomial. We omit the details of the proof. 

4.4 Signatures of 1st and 2nd order phase transitions 
in finite volume 

The considerations in this section apply to the quantum case. 

The behaviour of the spectrum is governed by the I — > limiting conformal field 
theory for small values of I, so e„(/) — eo(0 ~ l/L Massive phases in infinite volume are 
characterized by the existence of a massgap and the behaviour lim;^oo(en(0 ~eo(/)) = C„, 
where Cn > are constants. Cn = OifO<n<(i and Cn > if n > d, if the ground 
state has d-fold degeneracy in infinite volume. In a phase with spontaneously broken 
symmetry the spectrum is degenerate in the / oo limit, in finite volume the degeneracy 
is lifted (at least partially) due to tunneling effects. The resulting energy split between 
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the degenerate vacua vanishes exponentially as / — oo. 

In the critical points (in infinite volume) the massgap vanishes and the Hilbert space 
contains a sector that corresponds to the conformal field theory specifying the universality 
class of the critical point. We consider this sector in the following discussion. In finite 
but large volume near the critical point this sector of the theory can be regarded as the 
I oo limiting conformal theory perturbed by some irrelevant and relevant operators. 
The corresponding TCSA Hamiltonian operator takes the (generic) form 

ff=|(^(io),« + (Io)«-f + . (4.6) 

where the ip are the perturbing fields of weight (A^, A^), are constants. This picture 
(proposed in [52]) gives the following volume dependence of energy levels (in the first 
order of conformal perturbation theory): 

e^l) - eo(/) = y (A+,,^ + A,"^,^) + 4^'"'^^ , (4-6) 

where Aj^^ and A^r^ are the conformal weights of the state \1/ in the / oo limiting 
CFT, are constants that also depend on the particular energy eigenstate The 
presence of irrelevant perturbations {1 — 2A,^, < —1) is due to the finiteness of the volume, 
whereas the presence of the relevant perturbations (1 — 2A^ > —1) is caused by the 
deviation of the parameters from the critical value. The effect of the truncation is not 
taken into consideration in (14.51) . 

The location of the critical points can be determined using the criterion of vanishing 
massgap. A more precise method that also allows the determination of the universality 
class of the critical point (i.e. the / — > oo limiting CFT) is the following: we make an 
assumption that the critical point is in a certain universality class. This assumption 
predicts the set of ^/'-s, the values of A|^^ and A^^^, and the values of the A^-s in 
(14.61) . We take leading terms of the series on the r.h.s. of (14.61) and determine the value 
of the (A|^ ^ + A^^ ^)-s and of the v4^-s by fitting to the TCSA energy data obtained at 
several values of /. The magnitude of the A^-s corresponding to the relevant perturbations 
measures the deviation from the critical point, so if the assumption on the universality 
class is right, then by tuning the coupling constants one should be able to find a (critical) 
value at which these A^-s are small, the TCSA data are described well by (14. 6p (terms 
from higher orders of perturbation theory can also be included if necessary) in a reasonably 
large interval of the values of /, and the values of the {Afj^^ + Ajj^^)-s obtained from 
the TCSA data agree with the assumption with good precision. The interval where (14. 6p 
describes the TCSA data well is called the scaling region. This region may be (and in 
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Figure 4.3: Typical shape of V{^) in the broken and in the unbroken symmetry phase 

fact is) different for different energy levels. We remark that it is also possible to make a 
theoretical prediction for eo(/), which allows to extract cir from the TCSA data for eo(0 
in principle [52]. However, experience ([52]) shows that the accuracy of the TCSA data 
is not sufficient to determine cjr precisely in this way, so we did not attempt to extract 
Cir directly from the TCSA data. 

In the classical case a first order phase transition occurs when the absolute minimum 
of the potential becomes a relative minimum and a previously relative minimum becomes 
absolute. In the quantum case this phase transition is characterized by the presence of 
'runaway energy levels' with asymptotic behaviour e{l) ~ cl for large / in the neighbour- 
hood of the transition point, where c is a constant that tends to zero as the transition 
point is approached. The multiplicity of the ground state also changes as the transition 
point is passed if the two phases have different symmetry properties. We remark that 
runaway energy levels are present in general whenever a model has unstable vacua. 

4.5 The phase diagram of the two- frequency model in 
the case ^ = ^5 = | 

We assume that A,/i > 0, and use the parameter 

V = ; — 

instead of r] in this case to conform with [52] . 

The classical model with a//3 = |,5 = | exhibits an Ising type phase transition at 
77 = 3V(l + 3"). 
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Considering the quantum case we proceed along the lines of |52] in this section. The 
numerical nature of the TCSA makes it necessary to choose a finite number of values 
for P and / at which calculations are done. One should choose as large values for / as 
possible, the / oo limit being of interest. However, the accuracy of TCSA decreases as 
/ grows. The accuracy can be improved by taking higher Ccut, but this increases the size 
of the TCSA Hamiltonian matrix and the time needed for diagonalization. Experience 
shows that accuracy decreases for values of /3 near to A/ivr (this is the value where UV 
divergences appear in conformal perturbation theory) although the speed of convergence 
of the spectrum to the / oo asymptotic values increases, and the speed of convergence 
becomes very low for values of (3 near to 0. Taking these properties of the TCSA into 
consideration and following [52] we performed calculations at the values P = Sy/n/T, 
Ay/n/S, 8-\/7r/5. We also note that the accuracy of the TCSA spectra is severely decreased 
if V has several (local) minima. 

Figure I4.3[ a and I4.3[ b show the shape of the classical potential in the phases with 
broken and unbroken Z2-symmetry, respectively. Figures [44l a- l4.4[ g show TCSA spectra 
obtained at /3 = iy/n/S at various values of fj. The TCSA Hilbert space had dimension 
3700, the first 12 energy levels are shown in the figures. The highest values oil are chosen 
so that the truncation error still be small (the massgap remain constant). However, the 
effect of truncation is perceptible in Figure H^ b for instance. It can be seen that in the 
domain fj < 0.92 the ground states and the first massive states are doubly degenerate. 
(They are triply degenerate at fj = 0.) 'Runaway' energy levels (of constant slope) 
corresponding to the single local minimum of the potential can also be seen (especially 
clearly in Figure [44l b). In the domain fj > 0.98 the spectra are massive, but the ground 
state and the first massive state are nondegenerate. In the intermediate domain (especially 
for f] ~ 0.95) the structure of the spectrum changes, no massgap and degeneracy can 
clearly be seen. We obtained similar spectra at /3 = Sy/n/b and (3 = Sa/tt/T as well. As 
we did not see 'runaway' energy levels that would have signaled first order phase transition 
in the transitional domain of fj we analyzed the data by looking for a second order Ising 
type phase transition at some critical values fjdP)- 

The Ising model contains three primary fields: the identity with weights (0,0), the e 
with weights (1/2, 1/2), and a with weights (1/16, 1/16). Since the DSG model exhibits 
the Z2-symmetry for all values of fj, the Z2-odd a and its descendants cannot appear 
as perturbations in the Hamiltonian operator (14.51) . The only relevant field compatible 
with the Z2-symmetry is e (the contribution of the identity cancels in the relative energy 
levels). The presence of a relevant perturbation e in the Hamiltonian operator leads 
to a correction Bq, or B^J, + C^Z to e^(/) — eo(0- The term C<i,/ is of second order in 
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conformal perturbation theory. The leading irrelevant perturbation (compatible with the 
Z2-symmetry) is the first descendant of e, this gives a correction A^l'"^ to e^(/) — eo(/) 
(in first order). Thus we expect that in a large but finite volume range, near fjc{P), the 
volume dependence of the energy levels is described well by the formula 

eS) - eo(0 = y A + A.r^ + + Ql . (4.7) 

We fitted this function to the lowest energy levels obtained by TCSA and determined the 
'best' //c(/5) value by tuning fj in the transition region and looking for whether 62(1) — eo(/) 
continues to decrease along the complete / range (lim/^oo(e2(0 ~^o(0) = only at fjc^P)), 
and Bi and Ci are as small as possible. The result is shown in Table 14. 1[ The fitting 
was done in the volume ranges I = 10 - 105, / = 55 - 105; / = 10 - 140, / = 100 - 190; 
/ = 20 — 200, / = 150 — 390. The errors presented come from the fitting process and do 
not contain the truncation errors which are generally larger. 

The first two energy levels above the ground state correspond to the operators a and 
e in the Ising model. These operators have conformal weights = 1/16 and = 1/2, 
so the exact values for Di and D2 are 

Di = 0.125 , D2 = l . 

The results of the fits agree quite well with this prediction. 

The TCSA data obtained at the estimated values of fjc using a truncated space with 
dimension 4800, 5300 and 5100 are shown in Figure HTSl These figures show energy levels 
multiplied by 1/{2tt) as functions of L The constant lines corresponding to the Ising model 
values of Di are also shown in these figures. 

To summarize, evaluating the TCSA data we found that the phase transition is second 
order and Ising type at the values of /3 chosen. We remark that it is not possible to 
distinguish a second order transition from a (very) weakly first order transition by TCSA. 

For values of P near second order phase transition can be expected, because the 
model is semi-classical in this region and so the correction to the classical potential in the 
effective potential is expected to be small. 

A correction to the classical potential in the effective potential of frequency 2/3/3 is 
possible in principle. A correction with this frequency is — unlike in the case of a/ (3 = 
1/2 — relevant for any values of /3, and it can be verified by elementary calculation that 
it may change the order of the transition outside the semiclassical region if its coefficient 
is sufficiently large (see also |117l [52]). However, the accuracy of TCSA did not allow 
us to perform calculations at values about > 87r/3 and to check the nature of phase 
transition in this domain. 
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O 50 100 150 200 250 



g: fj = 0.98 

Figure 4.4: Change of the spectrum as fj varies from to 1 at /3 = iy/n/S. The first 
12 energy levels (including the ground level) relative to the ground level are shown as 
functions of /. 



4.5. PHASE DIAGRAM OF THE TWO-FREQUENCY MODEL 



165 



Table 4.1: The results of fitting (14.71) to the first two excited levels for various values of (3 
at the estimated critical value of f] 



(3 = 8v^/5, fj = 0.944 



State 




Ai B, 








i = 1 
i = 2 


0.138 ±0.0005 
1.00 ±0.01 


-2.0 ±0.02 -0.0046 ±0.0001 
-74 ± 2 0.004 ±0.001 


2.98 
9- 


■ 10- 

10-6 


-5 ±9 ■ 10-7 
±4 ■ 10-*^ 


p = 4y?/3, f] = 0.955 


State 




A^ Bi 






Q 


i = 1 
i = 2 


0.125 ±0.001 
1.04 ±0.02 


-2.63 ±0.025 -0.0002 ±0.0001 
-152 ±6 0.0014 ±0.0009 


3- 

-1.5 


10-7 
■ 10- 


± 1 • 10-*^ 
-^±2- 10-6 


p = 80F/7, fi = 0.961 


State 




Ai Bi 








i = 1 
i = 2 


0.125 ±0.001 
1.00 ±0.02 


-4.4 ±0.1 -0.0009 ±0.0001 
-252 ± 9 0.0002 ± 0.0004 


4- 
4.3 


10- 
■ 10- 


7 ±5 • 10-7 
-6 ±6 ■ 10-7 
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Figure 4.5: 



[ei{l) - eo{l)] ■ I/It: at /3 = S^tt/T and fj = 0.961 
TCSA spectra as functions of / at the estimated critical values of fj 
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B 



Figure 4.6: The phase diagram of the two-frequency model at = 1/2 and a/P = 1/3 

The phase diagram in the fj) plane based on the data obtained by TCSA can be 
seen in Figure [461 We took into consideration that r7c(0) = 3^/ (1 + 3"^) ~ 0.988 is exactly 
known P = being the classical limit, and at P = ^/Stt the term with frequency P in the 
potential becomes irrelevant and thus for P ^/Sn the other term and so the symmetric 
phase is expected to dominate, so lim i^^^^fic{P) = 0. The figure shows the three values 
of fic obtained from the TCSA data and the two values at /? = and P = y/Sn. The 
continuous line is obtained by fitting an even polynomial (note that fjc{P) = fjc{—P)) to 
these values and is shown in order to get an idea of the phase transition line. The model 
is in the symmetric phase above the line and in the phase with broken symmetry below 
the line. The data obtained by [52] for the a/P = 1/2 case are also shown, the dashed 
line is fitted to these data. 



4.6 Phase diagram of the three-frequency model 



We take the same values of the parameters of fl4.4p as in section [1.3.2l namely Pi = P, P2 = 
lP,P3 = ^P, S2 = S3 = 0, /ii,/U3 < 0, fi2 > 0, and investigate the quantum model in this 
case. 
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4.6.1 The tricritical point 

The tricritical Ising model contains 6 primary fields with the following conformal weights: 
and 

(so'so)' (le'Te) ' ^^'^^ 

The fields corresponding to (14.81) are even and those corresponding to f l4.9p are odd with 
respect to parity, so only the fields corresponding to (14. 8p and their descendants can 
contribute to the Hamiltonian operator (14. 5p . Thus the volume dependence of the energy 
levels near the tricritical point should be described well for large / by 

where only the leading terms are kept. Searching for the tricritical point we fitted the 
function 

y A + A,r°-' + 5/-' (4.10) 

of / to the data obtained by TCSA for ej(/) — eo(0 near the estimated location of the 
tricritical point. Best fits are shown in Table [421 (The errors presented come from the 
fitting process and do not contain the truncation errors which are generally larger.) The 
fitting was done in the volume ranges / = 50 — 230, / = 110 — 230, the dimension of the 
truncated Hilbert space was 13600. The results of the fitting support the existence of a 
tricritical point located (approximately) at rji = 0.163, 772 = 0.3518. The exact values of 
Di and D2 in the tricritical Ising model are 

Di = 0.075 , D2 = 0.2 . 

The numerical results agree quite well with this prediction. The TCSA spectrum obtained 
at the tricritical point is shown in Figure HTfl The values of predicted by the tricritical 
Ising model are also shown in the figure. The dashed lines and + signs are used for odd 
parity states, the continuous lines and x signs are used for even parity states. 

We used a modified version of the TCSA program exploiting the Z2-symmetry of the 
model by taking even and odd basis vectors and taking the Hamiltonian operator on the 
even and odd subspaces separately, which reduces the total time needed for diagonalization 
and thus allows to take higher Ccut values. 

The TCSA data for the first two excited states fit quite well to the prediction of 
the tricritical Ising model, the energy levels of the next two excited states also show 
correspondence with the prediction. Clear correspondence cannot be seen for higher 
levels. 
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Table 4.2: The results of fitting (I4.10p to the first two excited levels in the estimated 
tricritical point 



State 




A. 




B^ 




i = 1 
i = 2 


0.074 ±0.004 
0.196 ±0.01 


-0.0060 ±0.001 
-0.006 ±0.002 


2.8 ■ 10" 
2.4 ■ 10" 


-5 ±5 
-5 ±6 


10-6 

10-6 



p = 80F/7, r]i = 0.163, r]2 = 0.3518 
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Figure 4.7: [ei{l) — eo(/)] ■ //27r as functions of / obtained by TCSA at /? = 8-\/7r/7, 
rii = 0.163, ri2 = 0.3518 
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Table 4.3: Points of the critical line found by TCSA 





V2 


Vi 


V2 


Vi 


V2 




V2 


0.01 


0.354 


0.06 


0.355 


0.11 


0.359 


0.16 


0.357 


0.02 


0.354 


0.07 


0.3555 


0.12 


0.36 


0.163 


0.3565 


0.03 


0.354 


0.08 


0.356 


0.13 


0.36 






0.04 


0.354 


0.09 


0.3575 


0.14 


0.3595 






0.05 


0.354 


0.1 


0.3585 


0.15 


0.359 







4.6.2 The critical line 

The points of the critical line we found using TCSA are listed in Table [131 The value of rji 
was chosen and fixed in advance, and then 772 was estimated in the same way as described 
in Section [475l These points are also marked in Figure [4T] by crosses. The dimension of the 
truncated Hilbert space was 10269 in these calculations, which corresponded to Ccut = 17. 
The value of /3 was Sa/tt/S. Figures [48l a-l show the TCSA spectra (especially the lowest 
lying energy levels) obtained in these points as well as the values of Di corresponding to 
both the critical and the tricritical Ising model. Crosses are used for odd parity states, 
squares are used for even parity states. It can be seen that moving on the critical line 
in the phase space towards the tricritical endpoint the finite volume spectrum changes 
continuously. In the rji < 0.11 domain the spectra (especially the first two levels) corre- 
spond clearly to phase transitions in the Ising universality class. At rji = 0.11 the first 
excited level already appears to correspond to the prediction of the tricritical Ising model, 
whereas the second excited level still has the behaviour predicted by the Ising model. It 
would be very interesting to know the large volume behaviour (and infinite volume limit) 
of the first excited level, but the precision of TCSA does not allow to determine it. What 
we can see is that there is no sign in the TCSA data that the first excited level follows the 
predictions of the Ising model in the large volume limit. In the domain 0.11 < r/i < 0.16 
there is a spectacular rearrangement of the higher energy levels (already observable in the 
rji < 0.11 domain), and at rji = 0.16 the second excited level also appears to correspond 
to the prediction of the tricritical Ising model. We regard therefore the point rji = 0.16, 
r/2 = 0.357 to be the tricritical endpoint of the critical line, this point is marked by a 
square in Figure 14. 1[ (We did not aspire to determine the value of rji more precisely for 
this value of p.) Each figure shows the spectrum in the volume interval / = . . . 200, and 
for the large values I ~ 200 the truncation error is always conspicuous. 

The value of / where the truncation errors become large gets smaller and smaller as 
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the tricritical point is approached, which corresponds to the fact that a tricritical point as 
renormalization group fixed point is more repelling than an Ising type one. Increasing rji 
further the behaviour corresponding to the tricritical point would rapidly disappear from 
the finite volume spectrum. 
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a: r]i = 0.01 



b: rji = 0.05 



c: rji = 0.08 



d: 771 = 0.09 



e: 771 = 0.10 



f: 771 = 0.11 



r]i = 0.12 



h: rji = 0.13 



Figure 4.8: [ei{l) — eo{l)] • 1/27: as functions of I obtained by TCSA aX (3 — Sy/ir/B and at 
various points (771,772) lying on the critical line, the predictions of the critical Ising model 
(continuous horizontal lines) for Di, the predictions of the tricritical Ising model (dashed 
horizontal lines) for 
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i: T]i = 0.14 



j: r/i =0.15 



k: r]i = 0.16 1: r/i = 0.163 

Figure 14.81 continued 



4.6.3 The line of first order transition 

Figures [491 a- j show TCSA spectra obtained at rji = 0.6 and at various values of r]2 between 
0.17 and 0.30. The energy levels are shown as compared to the lowest level. The dimension 
of the truncated Hilbert space was 6597 in these calculations, which corresponded to 
Ccut = 16. The value of /? was 8y/n/5. Dashed lines are used for odd parity levels and 
continuous lines for even parity levels. 

At ri2 = 0.17 (and also for 772 < 0.17) the ground state is unique for all values of /, 
whereas doubly degenerate runaway levels can also be seen. At 772 = 0.19, however, the 
ground level is doubly degenerate for small values of the volume but becomes nondegen- 
erate in large volume, i.e. there is a value of / where the doubly degenerate runaway level 
and the single level cross each other. The slope of the runaway levels become smaller and 
smaller as 772 is increased, and the crossing point also moves towards larger and larger 
values. At 772 = 0.3 the ground state is already doubly degenerate for all values of / and 
nondegenerate runaway levels are present. These features indicate that a first order phase 
transition occurs at an intermediate value of 772. The behaviour of the finite volume spec- 
tra around the transition point seen in the figures implies that a precise determination 
of the transition point from the TCSA data in a direct way would require precise data 
for large values of /. For this reason we did not aspire to find many points of the line 
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of first order phase transition, we did TCSA calculations only at rji = 0.4 and rji = 0.6, 
and we roughly estimated the location of the first order phase transition at these values. 
Our estimation based on the TCSA data are ri2 = 0.30 and ri2 = 0.21. These points are 
also marked in Figure [4T] by crosses. The Figures [491 a- j show the first 20 levels in the 
domain / = 0. . .200. Unfortunately the truncation effect is large in most of this domain 
of /, however we expect that those qualitative features of the spectra which we allude to 
are correct. 
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4.7 Discussion 

We have investigated selected special cases of the multi-frequency sine-Gordon theory, 
especially the structure of their phase space, continuing the work begun in [52j. Concern- 
ing the classical limit we found that the only possible phase transition in the (rational) 
two-frequency case is a second order Ising-type transition. The three-frequency model has 
some new qualitative features compared to the two-frequency model: a tricritical point 
which is at the end of a critical line can also be found, and first order transition is pos- 
sible as well. The phase space of the n-frequency model contains n-fold critical points, 
otherwise we do not expect new qualitative features compared to the three-frequency 
model. 

The numerical (TCSA) calculations in the quantum case yielded the following results: 
we found the same type of phase transitions as in the classical case, in particular we were 
able to determine the second order Ising nature and the location of the phase transition in 
the two-frequency model with good precision. The accuracy of the TCSA also allowed us 
to find the tricritical point in the three-frequency case, which we regard the main result 
of this chapter. It demands more numerical work than the two-frequency model for the 
following reasons: the two-frequency model has only one-dimensional phase space, whereas 
the phase space is two-dimensional in the three-frequency model; and the tricritical point 
as a renormalization group fixed point is more repelling than the Ising-type critical point, 
so one has to take larger truncated space to achieve good precision. Furthermore, in the 
three-frequency case we found several points of the critical line and observed how the 
TCSA spectrum changes as the tricritical endpoint is approached. It would be interesting 
to investigate this at considerably better precision. Although the focus was mainly on 
the tricritical point, we also investigated the first order phase transition in the three- 
frequency model and we found that the first order nature can be established by TCSA, 
but the location of the transition can be determined much less accurately than that of the 
second-order transition. We expect that multi-critical points in the universality classes 
of further elements of the discrete unitary series could be found in the higher-frequency 
models, but increasing numerical accuracy would be needed, because these multi-critical 
points are more and more repelling. Finally, we remark that the quantum corrections did 
not alter the nature of the phase transitions in any of the cases we investigated, and the 
location of transition points is almost the same in the classical and quantum theory. The 
investigation of the multi-frequency model with irrational frequency ratios is still an open 
problem. We also remark that the particle content of the multi-frequency sine-Gordon 
model could also be investigated by the method of semiclassical quantization |118| . 
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Summary of the main results 

In my thesis I study problems in three areas of 1 + 1-dimensional quantum field theory. 
These investigations are described in three largely independent chapters. 

In Chapter [2] I deal with the boundary bootstrap for the scattering theory of su- 
persymmetric massive integrable quantum field theories with a boundary in a special 
framework in which the blocks of the full S-matrix and refiection matrix are assumed 
to take the form of a product of a supersymmetric and a non-supersymmetric factor. I 
give a description of supersymmetry in the presence of a boundary, i.e. when the space is 
the half-line. I present rules for the determination of the representations in which higher 
level boundary bound states transform, and for the determination of the supersymmetric 
one-particle reflection matrix factors for the higher level boundary bound states. These 
rules apply under the assumption that the bulk particles transform in the kink or in the 
boson-fermion representation. I also present examples for the application of these rules 
to specific models. 

In Chapter [3] I investigate the effect of the Hilbert space truncation applied in the 
numerical method called truncated conformal space approach (TCSA) on boundary fiows 
in the case of the critical Ising model on a strip with magnetic perturbation on one of 
the boundaries. The main goal is to show that the effect of truncation on the spectrum 
can be taken into consideration approximately by a change of the coefficients of the terms 
in the Hamiltonian operator. I present the results of numerical and perturbative calcu- 
lations, which support this idea. I also present a comparison with another truncation 
method which preserves the solvability of the model. The changing of the coefficients 
appears to work for this truncation method as well. The comparison reveals that certain 
qualitative properties of the fiows of the truncated spectra depend on the particular trun- 
cation method applied. The chapter includes an exact quantum field theoretic solution 
of the model under consideration, in particular the calculation of the spectrum and the 
matrix elements of the fields. I also propose a description of the model as a perturbation 
of its infinite coupling constant limit. I present the description of the spectrum by the 
Bethe-Yang equations, which gives the exact result in this case. 

In Chapter [H I investigate the phase diagrams of the two- and three-frequency sine- 
Gordon models by the TCSA method. The focus is mainly on the finding of a tricritical 
point in the case of the three-frequency model. I give substantial evidence that this point 
exists. I also find several points of the critical line in the phase diagram and present 
TCSA data showing the change of the finite volume spectrum along the critical line as 
the tricritical endpoint is approached. I find a few points of the line of first order transition 
as well. 
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A fo eredmenyek osszefoglalasa 

Doktori ertekezesemben az 1 + l-dimenzios kvantumterelmelet harom reszteriiletehez 
tartozo problemakkal foglalkozom. Ennek megfeleloen az ertekezes harom lenyegeben 
fiiggetlen reszre oszlik. 

A[2l fejezetben a szuperszimmetrikus peremes integralhato kvantumterelmeletek szoras- 
elmeletet tanulmanyozom egy specialis konstrukcio keretei kozott, amelyben a teljes S- 
matrix es reflexios matrix blokkjai egy szuperszimmetrikus es egy nem szuperszimmetrikus 
resz szorzatakent allnak elo. Targyalom a szuperszimmetria definiciojat perem jelenlete 
eseten, tovabba megadok olyan szabalyokat, amelyek segitsegevel meghatarozhatok az 
egyes magasabb energiaju hatarkotott allapotokon megvalosulo abrazolasok, es az ezen 
allpotokrol torteno reszecskevisszaverodes matrixanak szuperszimmetrikus reszei. Ezek 
a szabalyok abban az esetben alkalmazhatoak, amikor az elmelet reszecskei a kink vagy 
a bozon-fermion abrazolas szerint transzformalodnak. A szabalyok alkalmazasat konkret 
peldakon is bemutatom. 

A [3l fejezetben a levagott konform ter kozelites (TCSA) nevii numerikus modszer al- 
kalmazasakor vegzett levagasnak a peremes renormalasi csoport folyamokra valo hatasat 
tanulmanyozom egy konkret modell, a hataron magnesesen perturbalt, szakaszon ertelme- 
zett kritikus Ising modell eseten. A kitiizott eel annak az elkepzelesnek az igazolasa, hogy 
a levagas hatasa a spektrumra figyelembe veheto a Hamilton operatorban szereplo tagok 
egyiitthatoinak megvaltoztatasaval. Ismertetem az altalam vegzett numerikus es per- 
turbativ szamolasok eredmenyeit, amelyek alatamasztjak ezt az elkepzelest. Elvegeztem 
az emlitett szamolasokat egy olyan levagasi eljaras eseten is, amelyik az eredeti modell 
egzakt megoldhatosagat nem sziinteti meg. Az egyiitthatok megvaltoztatasa ebben az 
esetben is alkalmasnak latszik a levagas hatasanak figyelembe vetelere, tovabba kideriil, 
hogy (levagas alkalmazasa utan) a folyamok kvalitativ viselkedese fiigg az alkalmazott le- 
vagasi eljarastol. Megadom a vizsgalt modell egy egzakt kvantumterelmeleti megoldasat, 
amely magaba foglalja tobbek kozott a spektrum es a terek matrixelemeinek kiszamitasat. 
Javaslom a modellnek egy a vegtelen csatolasu hatareset perturbaciojakent valo leirasat. 
Elvegzem a spektrum kiszamitasat a Bethe-Yang egyenletekkel is. 

A m fejezetben a ket- es haromfrekvencias sine-Gordon modell fazisszerkezetenek a 
TCSA modszerrel valo felterkepezesevel foglalkozom. A fo eredmeny ebben a fejezetben 
egy trikritikus pont megtalalasa. Emellett megkeresem annak a kritikus vonalnak szamos 
pontjat, amelyiknek a vegen a trikritikus pont talalhato, es bemutatom a veges terfogatbeli 
spektrum valtozasat a kritikus vonal menten a trikritikus pont fele haladva. Megkeresem 
a fazisdiagramban talalhato elsorendii fazishatar nehany pontjat is. 



